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A cor;1puter progra1:1 for the plastic analysis of ric;ici 
frames is presented. The prO[Tam is based on trie virtual 
work method of plastic analysis. The great number of fail-
ure mechanisms that must be considered in any virtual work 
analysis are given in Appendix C. The use of the program 
as a design aid is also discussed. A check for the virtual 
work program is also presented. The check is based on the 
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I. INTRODUC'l'ION 
A. General Remarks 
The credit for the concept of plastic design is usu-
ally given to Dr. Gabor Kazinczy, a Hungarian. In 1914, 
Dr. Kazinczy published results of tests on clamped gird-
ers and suggested analytical procedures similar to those 
I 
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tial ~ork has seen a rapid increase in the interest in ul-
timate design of steel structures. In recent years, the 
AISC, AISI, and the Welding Research Council has sponsored 
studies in plastic behavior at a number of leading U. s. 
Universities. Recent work at Lehigh University has includ-
ed laboratory tests on full size steel frames loaded to 
failure. It was found from these experiments that the ac-
tual frames performed much as the theoretic&l analysis pre-
dieted. A deviation of not more than· five per cent in the 
ultimate load of one and two story frames was reported.(2) 
Although the Lehigh report tends to substantiate the plastic 
theory for simple frames there is at present no published 
reports on the actual behavior of plastically desi8ned multi-
story frames subject to secondary deformations. This lack 
of experimental results is the apparent reason for the AISC 
limiting the size of plastically designed frames to two 
stories in its 1963 edition.(3) 
The two main arguments given for the use of plastic de-
sign by its proponents are the psychological and economic fac-
tors. The psychological fact~r is based on the engineer's 
2 
desire for a consistent and rational concept on which to 
base design of structures. Using a calculated stress which 
is supposed to indicate the tendancy toward failure of a 
structure can be quite misleadin[;. For some structures with 
fortuitous combinations of loading and geometry, the reserve 
of strength above calculated yield stress can be considerab-
ly greater tl1an other structures designed with the same 
factor of safety. Because plastic design uses the actual 
maximum strength of structures, and therefore permits a uni-
form factor of safety to be used, it will satisfy the psy-
chology factor. The second reason is the economic factor. 
This second factor is said to consist of the savincs in 
steel and ease of design.(2) Although it would be difficult 
to challenge the possible savinss in steel, the supposed 
savings in design time is certainly open to question. When 
the secondary stability effects for thrust loaded multi-story 
frames are included in the pla.stic analysis the solution is 
usually exceedingly difficult. Even when only first order 
effects are cons5dered L1e analysis for anything, but tr1e 
simplest of frames can be quite formidable. Collapse mecha-
nisms are difficult to locate and are even more difficult to 
verify, since the structure may be highly indeter~inate at 
collapse. 
B. Object and Scope 
The object of this study is to develop a practical and 
efficient computer method for the analysis and/or design of 
rigid frames, Figure 1 has examples of fr2~es that can 
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be analyzed. The program will handle external wind loads 
at the joints and concentrated loads at mid and quarter 
points of all beams. The load replacement theorem is used 
for uniform loads.(4) The uniform load is broken down in-
to concentrated loads placed at the quarter points. The 
frames shown are fixed-based, but the bases may be hinged. 
Simple plastic theory as defined by Beedle is used.(5) The 
following assumptions are made: 
(1) The theory considers only first order defor-
mations. 
(2) Instability of the structure will not occur 
prior to the attainment of the ultirr1ate ., ' ..~.oao.. 
(3) The connections provide full continuity so 
that the plastic moment can be trans~itted. 
Frames with real hinges at the joints can be 
solved by the computer program that is devel-
oped. 
(4) The influence of norrnal and shea.rin;:-: forces 
on the plastic moment ~p are ne~lccted. 
II. REVIEW OF LITERATURE 
The rapid advances in computer technolo~y durin~ the 
last twenty years has led to the use of the computer as an 
effective tool in the solution of engineering problems. 
Althoush the concept of plastic design for continuous beams 
and one or two story rigid structures is well documented, 
computer programs for their solution are limited.(5)(6) 
Most of the previous work has dealt with the problem of sec-
ondary effects in multi-story st:r·uctures. Such programs are 
limited in their practical applications since they allow for 
only limited loading possibilities and are time consumins 
when compared with similar elastic analysis. 
One of the more recent pe.pers dealing with cor:~puterized 
plastic analysis was published by Jennings and ~ajid in 1965.(7) 
'J.lhis program was developed to analyze unbraced planar frames 
loaded by static, proportional, concentrated loads. Analysis 
is performed by matrix techniques, with joint displace~ents 
being the basic coordinates and hinge rotations being the 
extra coordinates in the presence of plastic hinges. Horne 
and Majick have developed a similar pro~ram capabJe of consider-
ing design along with analysis.(8) The desie;n is required 
to be "weak beam" by specify that column hinges do not form 
prior to the collapse load. This progran can handle any frame 
with not more than thirty-five joints. Parikl(9) has written 
a computer program using the solpe-deflection equations as 
proposed by Bleich.(lO) Farikl included the effect of axial 
deformaticn and residual stress in the columns of the frame. 
His pr·ocram i.s wrJ.ttPn so that -v.ri.th t·ach nevi hince formati.on 
a new slope-deflection equation is substituted to take into 
account the hinge prcper:l.ties. fiune; ( 11) in his vwrk on an 
M. S. thesi.s at Uf'm. pre~;ented a computer program for the min-
imum weight design of steel frames. Hls progr0.m u0es the 
simplex method of linear pror~rar:1~ning to min:i..r:tize the: frar•!e 
• weight function. 1l'he practical 2.daptatio:1 of this p!."ot:;ram 
is limited in that only one story--one bay frames are consj_derecl. 
One of the latest uses of a computer for plastic analysis 
was in connection with the desisn of an eleven story apart-
ment building in Bladensbury, Md.(l2) Roy Allison, th8 
structure.l engineer for thE: job, used a COJTt}JUter progr2rc for 
t be c a 1 e; u 1 at 1 on of t h c r c v e 1 ant proper Lies n e c de d for t 1"1 c 
column desicn for va:-cying loads, lenr.;t·l1s and critical buc1·~-
ling lo2.ds. Allison credJ.ts the tabJ.es with reducing de:=-.~.gn 
time by 1/3 that required for slideruJ.e calculations. It 
should aJ.so be noted that a savings of 10 per cent in steel 
weiBht was realized from the usc of plastic design. 
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III. METHOD OF ANALYSIS 
A. General Rer11arks 
The plastic analysis of a rigid frame can be performed 
in a number or ways. One or the common procedures for hand 
calculation is to use virtual work to find an upper bound and 
then perform a lower bound check using either moment distri-
bution or the method or inequalities. Step-by-step methods 
or one form or another are generally used for computer pro-
gramming. In this paper a computer adaptation or virtual 
work is presented. It will be shown in a later section how 
the virtual work equations can be formed in systeoatic series 
to facilitate the programming or the great number of mechanisms 
th~t must be considered. A lower bound check using the 
or inequalities is presented. This method, as given by Symonds 
and Neal, leads to a simple solution when the collapse mech-
anism is known or can be guessed.(l3) In this thesis the 
collapse mechanism will be found usinc virtual work and then 
a comparatively easy check is found usinG the method or inequal-
ities. 
The fundamental ideas or limit analysis as presented by 
Hodge(4) will be beneficial in the understandin~ or the com-
puter program that is developed. AJthou~h the definitions 
that follow are rather lengthy they have two important advan-
tages. They lead to simple upper and lower bound theorems 
and present the safety factor for limit analysis. 
7 
YIELD MOMENT: The maximum bendin~ moment which can be trans-
mitted across a section by the perfectly plastic beam sectjon. 
UECHANIS!-1: n is a mechanism if there are sufficient yield 
hinges in n to permit an infinitesimal motion of all or part 
of n. 
STATICALLY ADMISSIBLE FIELD: A distribution of moments over 
the entire structure which satisfies the followin8 two con-
ditions: 
l) The moments are in internal and external equilibrium 
with the loads FR. Where R represents the concen-
trated loads and F is the safety factor. 
2) The moments nowhere exceed the yield monent in magni-
tude. 
SA PET y· FACTOR: In terms of the above definitions, the safety 
factor F is defined as that number for which 
l) The moment distribution associated with the load FR 
is statically admissible. 
2) If a yield hinge is inserted at each point where the 
morr.ent is eoual to M in magnitude, n becomes a mech-~ p -J 
ani sm. 
STATICALLY ADMISSIBLE MULTIPLIER: A number F- is a statically 
admissible multiplier if there exists at least one statically 
admissible field in equilibrium with the loads (F-)*R. 
KINE!1ATICALLY ADMISSIBLE FIELD: Consider a mechanism in which 
the work done by the loads R on the displacements D* is posi-
tlve. * Let ek be the rotation of hinge k of the mechanism. 
* * Define a moment Mk at hinge k, equal Mp if ek is positive, 
* equal to -Mp if ek is negative. The asterisked quantities so 
8 
defined constitute a kinematically admissible field. 
KINEMATICALLY ADMISSIBLF MULTIPLIER: Given a kinematically 
admissible field, the associated kinematically admissible 
multiplier p+ is defined so that the internal work done by 




J R•D dx 
LOWER-BOUND THEOREM: The safety facto~ ~s the la~gcst stati-
cally admissible multiplie~. 
QPPE'If:::BG_UND 'l'l[EOREN: The safety facto~ is the smal Zest 
kinematically admissible multiplie~. 
B. Virtual vTork 
When using an upper bound theorem such as virtual work 
a collapse load can be found only after a collapse mecha-
nism has been assumed. Each assumed mechanis~ constitutes a 
kinematically admissible field. If all possible mechanisms 
are ev&luated the one with the lo~est safety factor also 
constitutes a statically admissible field. The virtual work 
equations used to find the coll&pse loads are of two types. 
One type is the independent or elementary equations. The se-
cond are the dependent or combined equations. The selection 
of elementary mechanisms is quite arbitrary, but once they 
have been chosen all further mechanisms will be combinations 
of them. The number of elementary equations is equal to N-R, 
where N =critical moments ar1d R =order of redundancy.(4) 
9 
Frames l-4 are shown on paGe 10. 1'he discussion that 
follows refers to frame 4. The port~ons of the computer 
program dealing with frames l-3 are for·med in an identical 
manner. Frame 4 is a two-story-two-bay structure. It has 
a maximum of 30 possible critical moments and is redundant 
to the 12th degree. The eighteen elementary mechanisms are 
shtlwn in figure 2. They are arbitrarily chosen as 12 beam, 
2 panel and 4 joint mechanisms. The 4 joint equations do 
not represent a kinematically admissible field and need not 
be considered in finding collapse loads. The eighteen equa-
tions can bs combined in a great number of ways and it is 
therefore very important that some guide be used for the 
selection of the combined mechanisms. If a combina.tion is 
to be an improvement it must have a lower safety factor than 
any of the elementary equations that form it. To have a 
lower safety factor the internal work must be reduced or the 
external work increased. A common procedure is to consider 
only combinations in whicb the internal work is reduced by 
the complete elimination of, or by a reduction in the rotation 
of, hinges present in the ori.sinal mechanisf;'ls. The complete 
elimination of a hinge was the criterion used in the selection 
of the 526 combiried mechanisms shown in Appendix C. 
Frame 4 has 14 elementary mechanisms and 526 combined 
mechanisms that are considered. The actual pror;rarmning of 
the 540 equations is not as formidable as might appear at 
first glance. The mechanisms for frame 4 are divided into 
34 sets of equations. The majority of these sets of 
J_tj3 
13 4 5 6 
I 17 
.u~t.Ul 4 4 
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(B) Frame Two 
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3 __ ] 
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(C) Frame Three (D) Frau1e Four 
FIG. 1. (A) Frame One: E.M.=4, C.M.=3. (B) Frame Two: 
E.M.=8, C.M.=l4. (C) Frame Three: E.M.=lO, C.M.=32. 
(D) Frame Four: E.M.~l4, C.H.=526. 
NOTES: 1) Frame bases may be hinged or fixed. 
2) A bar under any number refers to a concentrated 
load. 
3) Critical moments shown are not used in the actual 
programming of the virtual work solution. See 
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FIG. 2. (A) 12 beam mechanisms (3 per beam). (B) Top panel. 
(C) Bottom panel. (D) 4 joint mechanisms. 
equations rorm systematic series that can be easily pro-
gran~ed using Dd loops. Figure 3 on page 12 is a combined 
panel mechanism with hinges in each beam. This rigure refers 
to set 12 in Appendix C. Set 12 contains 81 equations and con-
sists of mechanisms 82 thru 162. The virtual work equation 
for mechanism 82 with beam hinges at 11, 7, 13 and 10 is given 
by: 
W1 = (M 1+M 2+M 3 )e+(4/3)(M4+M 2o)9+(4/3)(M 7+M 22 )B+ 




FIG. 3. Combined panel mechanism with beam hinges in 
each beam. For F(82) hinee locations are typical for all beams. 
WE=R 14 F(D 3+D 4 )8+R13FD 3 8+R1 F(D 1 14)8+R2 F(D 1 12) (813)+R 3 F(D 1 14) 
(813)+R 4 F(D 2 14)0+RsF(D 2 12)(813)+R6 F(D 2 14)(813)+R10 F(D 2 14)8+ 
R11 F(D 212)(813)+R12 F(D 2 14)(813)+R 7 F(D 1 14)8+R8 F(D 1 12)(813)+ 
RgF(D 1 14)(0I3) 
'l'here fore: 
It follows that the equation for beam hinges at 4, 7, 13 
and ll is given by: 
( 4 I 3 ) PI 7 + H 2 2 ) + 




--:-(-o-2--=1~1-=2-=-)-+--:R-1_0_(-:-D· 2 1 t. ).;;;.+,;;_R_1_1_(_o_2_1_6_)._+_R_1_2_< o-2-1-1-2 -) ;-----··-
( 4 I 3 ) ( H 1 3 + N .J_Q ) + ( 2 ) ( H 1 1 + M ) 
R7 (D 1 14)+R8 (D 1 12)+Rg(D1 14) 
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Equatlons 82 and 83 are identical except for the parts deal-
ing with hinge formation in the top left beam. If otrwr equ-
ations of this set are examined it becomes apparent that the 
portion of an equation dealing with a particular hinge will 
be the same reGardless of the location of the other beam 
hinges. A master equation for set 12 can be given as shown 
o~pages 14 and 15. Using this equation it is possible to 
form any one of the equations of set 12 by the proper se-
lection of hinge locations. This independence of the sep-
arate parts of the virtual work equations allows for the 
simple substitution of different parts of the equations 
when different beam hinges are to be considered. The cox-
puter program uses 4 D6 loops to evaluate the 81 pcssible 
combinations of beam hinge locations. The sequence in which 
they are considered can be seen fro;n Appendix C or in the 
computer program as given in Appendix B. With the exceptiort 
of sets .having less than 9 equations the other sets are eval-
uated using D~ loops in a similar manner. 
Appendix A contains an example problem for each of the 
four types of fr?~mes tlta t can be handled us1 ng the co:-;:pute:c 
program. ':f.lhe necessary input data and the resulting output 
are explained in detail. The use of the program as a design 
aid is straightforward and can be readily seen from the exam-
ple problews. 
F (I) = 
For Hinge 6 For Hinge 9 
4{M6+N2o) + 4 (Hg+~f2 2) + 
For Hinge 5 For Hinge 8 
2 C·ts+Hzo) + 2CMs+H22) + 
Combined Panel For Hinge 4 For Hinge 7 
(H1+~12+M3) + (4/3) (N4+:Jzo) + c 4 1 3 ) c H 7 + }12 2 ) + 
Combined Panel For Hin~~ 4 For Hinge 7 
R14 (D 3+D 4)+R13n 3+ [R1 (D 1 /4)+Rz(D 1/6)+R 3 (D 1/12)] + [R 4 (D 2/4)+Rs(D 2/6)+R6 (D 2/12)] + 
For Hinge 5 For Hinge 8 
+ (R1 (D 1 /4)+R 2 (D 1 /2)+R 3 (D 1/4)] + [R 4 (D 2/4)+Rs(D 2/2)+R 6 (D 2/4)J + 
For Hinge 6 For Hinge 9 
+ [R1 (D 1 /4)+Rz(D1 /2)+R 3 (3D 1 /4)] + [R 4 (D 2 /4)+Rs(D 2 /2)+R6 (~D2/4)] + 
Master Equation for Set 12 
1-' 
.;:-. 
For Hinge 15 
4(M15+M3o) 
For Hinge 14 
2 (tf14+H30) 





For Hinge 12 
4 <M12+H27) 
For Hinge 11 
2 (M11+X27) 
For Hinge 10 
(4/3)(M1o+X27) 
For Hinge 13 For Hinge 10 
• 
(R10 (D 2/4)+R 11 {D 2/6)+R12 (D 2/12)] + [R7 (D 1 /4)+RS(D 1 /6)+Rg(D 1 /12)] 
For Hinge 14 
[Rlo(D2/4)+R11(D2/2)+Rl2(D2/4)J 
For Hinge 11 
+ [R 7 (D 1/4)+Rs(D1 /2)+R9 (D 1/4)] 
For Hinge 15 For Hinge 12 
[R10 (D 2/4)+R11 (Dz/2)+Rl2(3D 2/4)] + [R 7 (D 1/4)+R 8 (D 1/2)+Rg(3D 1 /4)] 




C. l•lethod of Inequali Lies 
The virtual work method for determinin~ the collapse 
load for structures is based on the upper-bound theorem since 
it requires that a mechanism be assumed. The method of ine-
qualities as developed by Neal and Symonds is based on the 
lower bound theorem.(l3) 
Consider now the application of the lower bound theorem 
to the fraoe of figure 4. Each member of the frame is as-
sumed to have the same cross-section with fully plastic mo-
Of the ten critical moments for the frame six are 
redundant, and these redundant moments are arbitrarily choscr1 
rium which give the four remaining critical moments in terms 





(l/2)(M2 +~4+RL) ••••••••••••••••••••••• (1) 
- r:: 4 + r11 6 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • c 2 ) 
. . . . . . . . . . . . . . . . . . . . . . . ( 3) 
( L! ) 
The yield conditions at every possible plas~ic hi~se 
requires that the moment cannot be outside the limits 
Thus f0r mnwent number 2 the yield conditions are: 
-Hp ~ M2 ~ Np 
These inequalities can be written as follows: 
r1I 2 + 1 > 0 • • • • • • • • • • • • • • • • • • • • • • • • • • ( 5 a ) 
MP 
-~ + 1 > 0 • • • • • • • • • • • • • • • • • • • • • • • • • • ( 5b) 
M p 
121 
r'ie ch. Type of Location of Plastic Hinges No. Failure for Set Twenty-Five 
30r{ 'rop-e. P. 16, 17, 26, 29, 30, 25, 20, 22, 4, 7 
308 " " " " " " " " " " 8 
309 " " " " " " " " " " 9 
310 
" " " " 
·1 
" " " " " 5, 7 • 
311 " " " " " " " " " " 8 
312 " " " " " " " " " " ~ 9 
313 " " " II " " " " " 6, 7 
314 " " " II " " " " " " 8 
315 " " " II " " " " " " 9 
Mode of Collapse for Set Twenty-Six 
Mech. Type of Location of Plastic Hinges 
No. Failure for Set Ti!enty-Six 
316 Top-C.P. 16, 24, 29, 25, 30, 20, 27, 4, 10 . 
317 " " " " " " " " " 11 
318 " " " 
,, 
" " " " " 12 
319 " " " " " " " " 5, 10 
320 " " " " " " " " " 11 
321 " " " " " " " " II 1' 
18 
______ 1 ______ 
--~----~r- ---~ ------- -------- ··-- --··--· -·--~---- --------Row rr 1 M2 l-!4 !!.6 Ho f.' F(p) Limits -u _:9 No. Hp Hn N N H H on p 
__ ___£__ _ _:__]2 - ___ p ___ ---- _ _p _____ c 
~----- ---··--- --- ----· ·- --···----
2 1 1 0 0 0 0 0 1 
2 2 -1 0 0 0 0 0 1 
4 3 0 1 0 0 0 0 1 
4 4 0 -1 0 0 0 0 1 
R ' 5 0 1 1 0 0 0 2+~ 
4 6 0 -1 -1 0 0 0 2-lJ 2,4 
7 7 0 0 1 0 0 0 1 
7 8 0 0 -1 0 0 0 1 
6 9 0 0 -1 1. 0 0 1 
6 10 0 0 1 -1 0 0 1 
6 11 0 0 0 1 0 0 1 
6 12 0 0 0 -·1 0 0 1 
R ' 13 0 0 0 1 1 0 2+~ 
5 14 0 0 0 -1 -1 0 2-l.J 2, '~ 
5 15 0 0 0 0 1 0 1 
5 16 0 0 0 0 -1 0 1 
3 17 0 0 0 0 0 1 1 
3 18 0 0 0 0 0 -1 1 
2 19 -1 1 -1 1 -1 1 1-2\..1 1/2,3 1/2 
2 20 1 -1 1 -1 1 -1 1+2\..1 
-----




Initial Table of all Inequalities. 
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The inequalities represented in Table 1 express the 
conditions of both yield and equilibrium. F'rom the lower 
bound theorem it is known that at collapse it is just possi-
ble to find a set of bendin8 moments which satisfy both the 
conditions of equilibrium and yield. If the loads are in-
creased beyond collapse, it will be impossible to find any 
set 9f moments which satisfy, simultaneously, the conditions 
I 
of y i e 1 d and e qui 1 i b r i urn • Therefore tl1 e c r it i c a 1 v a 1 u e p c 
is the largest value of ~ for which the inequalities in Table 
1 can be satisfied simultaneously. A systemo.tic procedure 
for determining ~ will be used. The procedure consists es-
c 
sentially in solving the simultaneous inequalities by elin-
inating the moments. 
The moment M1 is represented only by rows 1, 2, 19 a~d 
20 in Table 1. Rows 1 and 20 can be rewritten: 
r11 > -1 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 7 a ) 
Mp 
r~1 1 ?:.. r~ 2 
Mp hp 
Rows 2 and 19 
- M4 + M6 - Mg + M Ivi M M W p p p p 
may be rewritten: 
- (1+2JJ) ....... (7b) 
rli 1 < 1 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ( 8 c ) 1\Ip 







+ ~~ - 118 + M9 + (1-2~) M 1'<1 M 
....... (8b) 
p p p 
and (7b) impose a lower limit on M1 and If.p 
(8a) and (8b) impose an upper limit on ~~p· If any value of 
M1 is to satisfy these four inequalities simult~neously, it 
is necessary th~t the smaller of the two upper limits be 
greater than or equal to the larger of the two lower limits. 
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This will happen if each upper limit exceeds each lower 
limit; therefore: 
1 > -1 ••••••.••••••••.••••.•••.••.•••.•........•.. (9a) 
1 > r~2 - ~1 + ~~I - f•T + ~fJ - (1+2lJ) ••••••••••••••• ( 9b) 
- fvl6 I'-18 M9 J'vip M p p p p 
r-12 ~ + M - fV' + M + (l-2lJ) > -1 • • • • • . • . • ... • . ( 9c) f'·'I M M6 NB f;I9 p p p p p 
• t!.2 ~ + N6 tl8 + r,~ + (l-2lJ) 29 
Mp Mp M M M p p p 
> N 
- ~ + M6 - M + I•I - (1+2lJ) •••.•••.• ( 9 d) M2 M M r-:8 f(9 p p p p p 
By this procedure M1 can be eliminated from the set of in-
equalities. 
It will novr be shown ho·w these four inequalities could 
have been obtained directly from Table 1. For example, if 
rows 2 and 20 in Table 1 are added, the following is obtained: 
-r~ + M - M + N - ft1 + (2+2lJ) > 0 M~ l\14 rvr6 M8 fvj9 -p p p p 
and this is equivalent to (9b). 
The calculations for the elimination of M1 can be per-
formed systematically by using a set of two tables. In 1'able 
2(a) the rows of Table 1 which involve M1 are collected, The 
number 2 is written in the left-h~nd column of Table 1 against 
rows 1, 2, 19 and 20 to indicate the new Table to which the~e 
inequalities have been transferred. Table 2(b) contains the 
results of adding each row of Table 2(a) in which M1 has a 
!J!p 
coefficient of +1 to each row in which ~!~ has a coefficient 
-.l Mp 
of -1. After eliminating M1 , the inequalities are represent-
ed by rows 3-18 in Table 1, together with the four rows in 
Table 2(b). The first and fourth rows of Table 2(b) can be 
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rejected, since they represent the inequality 2 > 0. This 
rejection is indicated by placins the letter R' in the left 
hand column of Table 2(b). 
----- --------- -----
r;; ~2 M t1.6 r,· M F(~) M1 R-4 ..:_i_8 rr9 l\1 M IV! '1 p p p ___ p __ p 
_P __ 
--·- ------------- -------- -------
1 0 0 0 0 0 1 
1 I -1 1 -1 1 -1 1 + 2lJ 
i 
! 
-1 0 0 0 0 0 1 
-1 1 -1 1 -1 1 1-2~1 
--------~- --- --------- -------
TABLE 2(a) 











-- it:-2 ~ ~,, ;; --r-::::~ ~ ~~-; f ii'~:T-1~-c~~)- -r·- ··r_-:-j_ r:;:-:e t ~,---~- >r. I:-;-U __ u ·-:/ 
l'') f'l >'j i1l l'-'[ 0 r' lJ p p p p p .. c 
--~------- ------------ ------ --------------------------------
0 0 0 0 0 2 
1 -1 1 -1 1 2-2w 1,3 l/2 
-1 1 -1 1 -1 2+2~ 
0 0 0 0 0 2 
----- -----
1 < lJC < 3 1/2 
----------------·- --···--··---------------··---
TABLE 2(b) 
Elimination of f.I 1 
given set of inequalities may be summarized as follows. 
Each row co~taining a non-zero coefficierit of the moment is 
multiplied by a suitable positive number in order to nake 
the coefficient either +1 or -1. Then if there are x roi\'S 
with a coefficient +1 and y rows ~ith the coefficient -1, 
for the moment under consideration, each of the .x rows is 
added to each of the y rows, forming xy new rows. 
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The remaining rows are left unchan0ed. The moments are elim-
inated in this manner untill only a single column of load-
terms remains, vd th each entry invol vi118 ~. The critical val-
ue of ~ will be the largest one that just makes all the load-
terms positive. 
It can be seen that each row may produce a large number 
of rows in the elimination process. It is, therefore, imper-
ative that an inequality be rejected as soon as possible if 
the problem is not to become too cumbersome. The upper and 
lower limits on ~c can be used to reject inequalities in some 
cases. It is. therefore, important to be able to find the 
limits on ~ at any stage. 
c 
The process of elimination consists of multiplyins the 
rows by positive numbers and adding, in order to obtain new 
rows. Thus, if the column of load-terms at 2.ny stage con-
sisted only of positive quanities, the final column of load-
terms would also contain only positive quanities and the~efore 
satisfy all the ineque.lities. In Table 1, the load-te~~s 
would all be positive if ~ were less than l/2. I f t h i s ~>; e ::-- e 
the case, the final single coluffin of load-terms after reduc-
tion would also consist only of positive terns. It follows 
that ~c cannot be less than 1/2. 
Referring again to Table 1 . , consider any row in \'ihich ~ 
has a negative coefficient. Row 6 may be written as follows: 
~ < -~1 - I'•i + 2 
- -2 -4 i\'i !'11 p p 
The largest value of the right side of this inequality is 
when both and T-1I have 
r-4 
''l • p 
values of -1. It can be seen that 
for row 6, in Table 1, ~ < 4. 
c -
Rows 14 and 19 also have 
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negative coefficients on ~ and can be seen to set upper lim-
its of 4 and 3 1/2 respectively on ~c· The initial upper and 
lower limits on ~ are written at the foot of Table 1. 
Rows 5 and 13 in Table 1 have an R in their left-hand 
column, indicating that they were rejected before the elimin-
ation process started. Their rejection is based on the lim-
1 its set on ~ initially. Row five can be written as follows: 
2 + ~ ~ -~2 - M4 
Mp Mp 
The greatest possible value of the right-hand side of this 
inequality is 2. Since the value of ~c must be between 1/2 
and 3 1/2, the left-hand side of this inequality cant1ot be 
less than 2 1/2 and the inequality is automatically satis-
fied. The reason for rejecting these inequalitj.es is given 
as rule one. 
RULE ONE: 
An inequality can be rejected if the smallest possible 
value of the sum of all the terms involved, having reg~rd to 
the limits on the individual redundant moments and on ~C' is 
not less than zero. 
The reduction process can be co11tinued as shown in Tables 
3 to 7. The order for the elimination of moments is arbitary 
chosen as M9 , M2 , Ms, M6 and M4. Each Table consists of two 
parts designated as (a) and (b). In (a) the rows which have 
non-zero coefficients for the moment which is being eliminated 
are collected together, after multiplication by a suitable pos-
itive factor, when necessary, to make the coefficients +l or 
-1. Part (b) contains the inequalities derived from part (a). 
In the left-hand column the numerals indicate the new Table 
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to which a row has been transferred and the letter R indi-
cates that a row has been rejected. The upper and lower lim-
its on ~c can be found in the right-hand column of each row 
in which the coefficient of ~ is negative. 
One other rule for the rejection of inequalities, under 
certain circumstances, will now be described. Referring to 
Table 6(a) the first and third rows· are seen to have the same 
i 
coeffibients on the moments while having different load-terms. 
The limits on ~c are known, at this stage, to be 2 and 3 and 
so the load-term is known to be within the limits shown in 
Table 6(a). It is then clear that if the inequality repre-
sented by the third row in Table 6(a) is satisfied, the ine-
quality in row one is automatically satisried and can be re-
jected. Row 6 is eliminated in a similar manner when compared 
with row 7. This rule can be stated as: 
RULE TWO: 
When two rows have the same coefficients for all the 
bending moments, one row may be rejected if its load-term 
is not less than the load-term of the other row at each of 
the end points of the interval in which ~c is known to lie. 
The use of this rule reduces the number of rows in Table 
6(b) from 12(4X3) to 6. After the final elimina.tion, Table 
7(b) contains only two load-terms from which ~c can be cal-
culated to be 2 2/3. 
The methods of inequalities, as just described, can 
theoretically be applied to frames and loading conditions 
of any degree of complexity. In practice, the method tends 
to become cumbersome for any but the simplest of problems 
if used only as described. Symond and Neal point out in 
25 
their paper that if the actual collapse mechanism is known 
or can be guessed, the total work can be reduced drastically. 
In this thesis, the metl1od of inequalities is presented only 
as a check for a collapse mechanisms already found using a 
computer program. Since the true collapse mechanism will be 
known, except in the rarest of cases, the modified method 
wii.l save considerable checking time. 
The modified method will be described referring to frame 
5 and will be used in the four example problems given in Ap-
pendix A. Figure 5 shows the collapse mechanism for the frame 
and loading of figure 4. When using the modified method, the 
operator should try to eliminate the moments which are least 
likely to become plastic hinges. The four moments that are 
eliminated by the use of the equilibrium equations are chosen 
as M2 , M6, M7 and Mg. The equations of equilibrium can be 
expressed as: 
I"l2 = 2r13 - M4 - u ••••••••••••••••••••••••••••••• ( 10) 
M 6 = r~.1 4 + M 5 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 11 ) 
2~11 7 = r-1 4 + M5 + Ms + u •••••••••••••••••••••••••• c 12) 
Mg = M1 - 2M3 + M4- M5 + Ms + M10 + 3u •.•..••.. (13) 
The yield inequalities arrived at, in this manner, are 
all expressed in terms of moments that become plastic hinges. 
It can also be seen that one of the moments that is eliminated 
does, in fact, form a plastic hinge in the collapse mechanism. 
These inequalities are represented in Table 8. From row 8 
of this Table it may be seen that u cannot exceed 2 2/3 and 
that for this value of u the six moments must take on the val-
ues shown in row 9. With these values, all the inequalities 
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_L _ __, 
• 
FIG. 5. Collapse Mode for Figure Four 
in Table 8 are satisfied when ~ = 2 2/3. Thus, the inequal-
ities possess a solution for ~ = 2 2/3 and no solution when 
~ exceeds 2 2/3. Therefore ~c = 2 2/3 as was found in the 
previous section. 
A solution can always be found, in one step, wher~ t!1e 
moments which have not been eliminated all become plastic 
hinges when the structure collapses. If a frame is properly 
designed, it will have a large number of hinges at collapse. 
It is, therefore, usually possible to find a solution in the 
initial 1'able or after the elimination of a fev1 hinges that 
do not become plastic. The comparative ease of this method 
can be seen in the example problems in Appendix A. 
') 7 t::. 
---------- -~------ ------ ------------- ------- --- - -------- --- ---- ---------- ----- ------ --- -
~~ H L! ~ ~ t:1 F ( ~ ) 
I··: I•1 r~1 f·1 i:J9 p p p p p 
1--------L---- ----;---- -----1---~~------------
0 0 0 
1 -1 1 -1 1 2-2~ 
0 0 0 0 -1 1 
-1 1 -1 1 -1 2+2~ 
-------- ----
i TABLE 3(a) 
!collection of all Inequalities Containin~ Mg 
--~1;--r-- r-14- -r-,r6 Ms M9 
I Mp I Ivlp Pip fJjp l'<p ------ --------~---- ----- ----R' 0 0 0 0 0 2 
R' -1 1 -1 1 0 3+2].1 
4 1 -1 1 -1 0 3-2~ 
R' 0 0 0 0 0 4 


















Lirrd t s 
on ~lc 




~_._.1_ _____ L ___ ::-]. _________ _2____ _ ___ o__ __._ ___ 2 -_~ ____ ___j 
'I'ABLE 4 (a) 
Collection of all Inequalities Containing V2 
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-------- -------- ------- --- ------ ------- _____ r ___ ------ -----
1\I? f<I 1~ ~ 6 1·~ 8 F(lJ) L~dnils M~ Mp Mp Mp onl-lc 
-----------· ~--~---- -----
R' 0 0 0 0 2 
0 -1 0 0 3- \J 3, 4 7 
5 




4-2\J 2, 3 1/2 
5-3\J 1 2/3, 3 
------
1 2/3 :._ l-lc :._ 3 
TABLE 4(b) 
Elimination or M2 
f\16 
M p 
r11 8 M p 
------------- ------------- --------------- --------------------
0 0 1 1 
0 -1 -1 2-l-l 
0 0 -1 1 
-1 1 -1 
-2 1 -1 
-----------1---
TABLE-5(a) 










______ } _________________ ----------------- --------------------
~6 ~8 F(l-1) Limits 
t::p l"ip on \J c 
-------- --·--·------- ·----·-·--~----
-1 0 3-\J 3, 4 
0 0 2 
1 0 5-2lJ 2 1/2,3 1/2 
1 0 6- 3lJ 
---~----------'-----
2 .::_ l-lc .::_ 3 
-------------------------------
TABLE 5(b) 
Elimination or M8 
29 
·-- ---------· 
M4 M F ( ~.!) F(2) F(3) 
-6 I·I fvJ p p 
-- ------·-
R' -1 1 1 . 
0 1 1 
-1 1 5-2lJ 1 -1 
-2 1 6-3ll 
1 -1 1 
R• 0 -1 1 
0 -1 3-lJ 1 0 
·----· 
-- ---···-·-------· -..... -~-~---~·--· --... -~---·-------,.... -------"' 
TABLE ·6 (a) 
Collection of all Inequalities Containing T·~ 6 
-----·------ ·--------------- --···-------------- ------------- ·----·----·-------·-·· --
M4 M6 F(l.l) 
r.1 M 




R' 1 0 2 
R' 0 0 4-lJ 4' 4 
R' 0 0 6-2p 3, -3 
R' -1 0 8-3lJ 2 2/3, 3 
7 -1 0 7-3lJ 2 1/3, 2 2/31 
7 -2 0 9-4lJ 
2 1/4 < l-lc < 2 2/3 
-
-------
2 1/4, 2 3] 
TABLE 6(b) 
















. 4 1/2-2\.l 
TABLE '1 (a) 
Collection of all Inequalj_ties 
-~---------
M4 . F(l.l) M p 
0 8-3\.l 








Linli ts on l-l c 
2 2/3, 2 2/3 
2 3/4," 2 3/4 
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----------
l.lc = 2 2/3 -----------------~-~--~~J 
TABLE ?(b) 
Elimination of M4 
------------ ~--------- -------- ------
--- -,---------Row ~'11 f'ii M iJ l\1 r· M, Tv' T;' ( ) : .. 1 v3 r·.1° }\': 10 .._ \1 No. f/[ '1 H E _) p p p p p p 
--------- --·---- ----- ----------- ------ --------
1 0 2 
-1 0 0 0 1-j.l 
2 0 -2 1 0 0 0 1+\.l 
3 0 0 1 1 0 0 1 
Lt 0 0 -1 -1 0 0 1 
5 0 0 1 1 1 0 2+\.l 
6 0 0 -1 -1 -1 0 2-ll 
r{ 1 -2 1 -1 1 1 1+3~ 
8 
-1 2 -1 1 -1 -1 l-3P 
----- ( 1) ( -1) ---( -~-) _j -----9 (-1) ( 1 ) (-1) 
-· ------·-- ---------
_____ . ------------------- ____ ....,. ________ 
TABLE 8 
Modified Table of Inequ2lities 
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IV CONCLUSIONS 
This paper presents a computer program for the plastic 
analysis of rigid frames. The program uses the virtual work 
method of analysis. The virtual work method is competitive 
with other computer methods when used for frames of the size 
considered in this thesis. The program was run on an IMB 
360-50 computer and required less than two minutes to calcu-
late the safety factors for the largest fraz~e that it can 
solve. 
The computer program can also be used for design. By 
using the method described in Appendix A it is possible to 
calculate adequate member sizes in only one step. The frame 
found using this method, although adequate, is not necessar-
ily the most ecomonical~ If the most econon1ical structure 
is desired it is necessary to consider different combinations 
of member sizes. Only three of the seven input cards have 
to be changed to alter the member sizes. It is, therefore, 
a simple matter to consider all the practical combinations 
for any given structure. 
The computer prograrn is limited only by the size of 
frames that can be handled. The largest is a two story-two 
bay frame with 3 loads per beam. Although certainly re-
stricted, the program will handle almost all practical prob-
lems that are permitted under present codes. The AISC limits 
the height of plastically designed frames to two stories. 
If a two story frame is more than two bays wide the possi-
bility of a sway mechanism for a practical case is remote. 
33 
If a general computer solution of a frame lar~er than two 
story-two bay is desired, a method other than virtual work 
is recommended. 
A modified method or inequalities was p~esented as a 
check for the virtual work solution. A solution can be 
readily round using this method when the failure mechanism 
has a large number or plastic hinges at collapse. For cases 
where only a few hinges form, a solution can be found after 
the elimination or a small number or non-plastic critical mo-
ments. A check should not be necessary in a majority of prac-
tical problems. All apparent failure mechanisms were con-
sidered when the computer program was written. By examining 
the loads, member sizes and failure mechanism, as given by 
the computer program, it should be apparent when a lower 
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Four example problems will be used to demonstrate the 
proper use of the computer procram. 'l'he moment :notation for 
the allowable plastic moments is giv~n in figure 6. The no-
tatjon w2s changed from that given. in figure 1 in order to 
I 
reduc~ the necessary input for the computer program. 
The modifj_ed method of inequalities will be used as a 
lower bound check for the virtual work solution. The criti-
cal moments as given in figure 1 will be used when performing 
the inequalities check. 
t_· ___ DQl_~ __ D ( 2 __ ) ___,J_.,..,..3 _,__.-~ 
FIG. 6. Moment and loading notation for computer procram. 
Exampfe 1: 
30K 30K 
6 K -----eo ~-J 1 -,;:---1 ~ ~- C 
11 '--4 "--s 6 
• 
A 1 DA 2 
~.___D ( 1) ____ _J 
30 ft. 
FIG. 7. One-story-one-bay frame. 
Given: Frame and loading as shown in figure 7. Use load 
factors as given in AISC manual. 
Assume: Beams and columns for initial trial are 16 WF 36's. 
The necessary computer input consist of 15 moments, 14 
loads and 4 distances. The amount of input data is based on 
the two story-two bay frame given in figure 6. When a smaller 
frame is solved many of the values must be left blank on the 
input cards. The values of M4 and ~6 must be programmed as 
the smaller of the plastic moment capacities of column AB or 
beam BC and the smaller of the plastic moment capacities of 
column CD or beam BC, respectively. The allowable plastic mo-
ment for a 16 WF 36 is: 
63.9 X 36 = 191.7 K-ft. 
12 
The input data for the first trial of figure 7 is shown on 
page 40. 
39 
The computer output is given on pac;e ill• The failure 
mode is given as mechanism 5 with a safety factor of 1.217. 
Referring to Appendix C the mode of failure for mechanism 5 
is found to be a combined panel mechanism. The AISC re-
quires a safety factor of 1.4 for mechanisms of this type. 
The 16 WF 36 is, therefore, not large enough for the loading 
shown in figure 7. If the members are all to be increased 
by the same ratio, the new section can be found by multi-
plying the Mp of the first trial by the ratio of the re-
quired load factor to the load factor of the first trial. 
For a second trial: 
1.40 X 191.7 = 220.45 K-ft. 
1.217 
A 16 \vF 40 with an r1P of 218.1 K-ft. is used for a second 
trial. The output for this trial is shown on page 42. The 
new load factor is 1.385. This value is considered to be 
good for a preliminary design. 
The AISC requires a load factor of 1.85 for beam mech-
anisms not subject to wind loads. Referring again to page 
42 it can be seen that the load factors for beam mechanisms 
2-5 are all larger that 1.85. The second AISC load factor 
requirement is, therefore, also satisfied for this case. 
For a one-story-one-bay frame there are only seven 
possible mechanisms. Therefore, the safety-factor found 
using the computer program must be correct. A check is not 
really necessary, but will be performed to illustrate the 

















































































































































































































































































































































The collapse mechanism for the frame in figure 7 is 
shown in .figure 8. Since all critical moments must be con-
sidered when using the inequalities method, the moment no-
tation o.f .figure 1 is used. The three equations of equilib-
rium for figure 8 are: 
-M16 + (4/3)M4- (l/3)r117 .= [Rl(D1 /ll) + R3 (D1 /12)]F •. (1) 
-M16 + 4M6- 3Ml7 = [Rl(Dl/4) + 3R3 (D1 /4)]F •••••••••• (2) 
. . 
Ml6 - rl7 = Rl3D3F • • • • • • • • • • • • • • • • • • • • • • • •. • .• •. • • • • • 
These equations can be solved and rewritten as follows: 
(3) 
M lJ = 31 5 F + M l 7 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 4 ) 
r-1 6 = 2 5 5 F + r·11 7 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • c 5 ) 
M16 = 120 F + r-117 •••••••••.••.•••••••••. ~ ••••••• (6) 
Of the .four critical moments only two become hinges when 
the frame collapses. The two moments that don't become plastic 
must be eliminated in the initial Table; if a solution is to 
be .found in one step. The eight inequalities for this problem 
are given in Table Al. The non-plastic moments 4 and 6, as 
well as the plastic moment 16, have been eliminated from this 
Table. The moments are eliminated by substituting equations 
4, 5 and 6 in the inequality equations. 
The maximum value o.f F in row 2 is 1.385 and occurs when 
~17 has a value o.f -1. All the 
ip 
rows in Table Al are satisfied 
Therefore, an F o.f 1.385 is by these values for F and M17• 
M 
the largest that will satis¥y both the yield and equilibrium 
conditions expressed in Table Al. The value of 1.385 is, 
therefore, the lower bound as .found by the modified method 
of inequalities and also the upper bound as found by the 




FIG. 8. Collapse mechanism for figure 7. 
·-




1 1 +315F + l 
;vr-
·p 
2 -1 -315F + 1 
T•ip 
3 1 +255F + l 
M J. p 
4 -1 -255F + 1 
fliP 
5 1 +120F' + 1 
-I<p 
6 -1 -120F + 1 
-r:r-p 
7 1 +1 
8 -1 -1 
TABLE Al 
Example 2 25K 
2K/ft. 5 
2 5 ~ 3 B ~'-:~ ~'S<S'~,·~ "' • .___6 "'I\J._7 ___ 8_ _,---r-
15 J.~. _1_5_' ~ 
A 1 D F 3 
··~.___ILUJ._ ~.-+1...;; .. •,----D ( 2 ) __ G, I 
30 f to- I l 30 f to '-'"1 
FIG. 9 • One-story-two-bay frame. 
Given: Frame and loading as shown in figure 9. Use AISC 
load factors. 
Assume: Columns are 14 WF 30's and beams are 16 WF 45's for 
initial trial. The values of M4 and Mg will be the 
smaller of the plastic moment capacities of colt'.mn 
AB or beam BC and the smaller of the plastic moment 
capacities of column EF or beam CE, respectively. 
The uniform load on beam BC is replaced by two con-
centrated loads at the quarter points. 
The allowable plastic moment for a 14 VJF 30 is: 
47.1 X 36 = 141.3 K-ft. 
12 
and for a 16 WF 45 is: 
82.0 X 36 = 246.0 K-ft. 
12 
The output for the initial frame is shown on page l;G. 
Mechanism 8, with a safety factor of 1.394, was found to 










































































































































































































































































































































































































































































































































































































































































































B 17 8 E 18 
4 
• A 3 
FIG. 10. Collapse mode for figure 9. 
Figure 10 gives the mode of collapse :for mechanism 8. 
A plastic hinge :forms in beam BC. Since the load replacement 
theorem was used :for beam BCJ the actual safety :factor is 
known to be somewhat greater than the one given in the com-
puter output. For this reasonJ the initial safety factor of 
1.394 is considered good. Beam mechanism 1, with a safety 
:factor of' 1.838, is considered satisf'actory :for the sa~e rea-
son. The other :five beam mechanisms are all larger than 1.85. 
Since both load :factor requlre~ents are satisfied; the initial 
member sizes are adequate and a second trial is not necess2ry. 
Figure 10 has 7 plastic hinges and 4 non-~lastic critical 
moments. The 4 non-plastic moments must be eJir;1inated before 
an inequalities solution can be :found. The :frame has 5 equi-
librium equations which should be used, if possible, to elim-
inate the non-plastic moments. 
The 5 equilibrium equations are: 
-M16 + (4/3)M4 - (l/3)M20 = [R1 (D1/4) + R3 (D1/12)]F .. (1) 
-M16 + 4M6 - 3M20 = [R1 (D1/4) + R3 (3/4)D1 JF •••••••••• (2) 
-M21 +2MB- M1 g = [R 5 (D 2/2)]F ••..••..•.••...••...... ( 3 ) 
- I11 + rtll 6 + M 1 7 - M 2 - IJI 1 8 + I'-13 = [ R 1 3D 3 J F • • • • • • • • • • • ( lf ) 
- M 2 0 - M 1 '1 + r'12 1 = 0 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 5 ) 
These equations can be solved and rewritten as follows: 
M16 = (4/3)M4 - (l/3)M20 - 300F •••••.•.••.••..•.•..•• (6) 
M6 = (l/3)M4 + (2/3)M20 + 150F ••••••••••••••••••••••• (7) 
M8 •= (l/2)M20 + (l/2)M17 + (l/2)Ml8 + 187.5F ...••.... (8) 
Ml = (4/3)M4 - (l/3)M20 + M17 - M2 - M18 + M3 - 800~ • (9) 
rl!21 = Ml7 + M20 •••••••••••••••••••••••••••••••••••••• (10) 
The twenty-two inequalities for the frame in figure 9 
arc given in Table A2. Equations 6-10 were used to eliminate 
moments M1 , M6, M8, M16 and M21 from Table A2. Table A2 has 
one column that has not been usecl previously. 'I'he column 
headed "~p for row'', is necessary to designate the allowable 
plastic moments for the different rows. For example, row l 
represents the inequality: 
-!-'12 + M3 + (4/3)M4 + l\}1 7 - M18 - (l/3)tl2o - 800F + l > 0 f-·T- -fv1 r·1p Mp N Mp Iv1p p p '•p 
M p for this inequality must equal 141.3. f1~0f:le i'J t S r:• 2' f"i:3 J !'117 
have maximum values of+ 246.0. Ro\·J ll represents the inequ.al-
ity: 
(l/2)I::!J_ 7 + (1/2)!iJ_s + (l/2)!i2o + 187.5F + 1 > o M M Mp M0 p p ~ 
MP for this inequality must equal 2116.0. !·:aments !·I1 7 ar:ci. r:1 g 
have maximum values of + 141.3 and moment f·I 20 has a maxir:n;;.~ 
value or + 246.0. 
To find the critical value of F in Table A2, row 1 is 
the first that should be examined for this preble~. 
49 
The maximum value of F for row 1 occurs when the moments 
have the values given in equation 11. 
- ( -llJ 1 • 3 ) + 1 4 1 • 3 + C 4 I 3 ) C 2 11 6 • o ) + 14 1 • 3 - ( -llll • 3 ) -
1ijl.3 141.! 141.3 141.3 141.3 
(1/3)(-246.0) - BOOF + 1 > 0 .•••••••.•••..••...••.•.• (11) 
141.3____ 141.3 
An F of 1.394 is the maximum value that will satisfy this 
• inequality. The maximum moments in equation 11 and an F of 
1.394 can be shown to satisfy all the inequalities in Table 
A2. Therefore~ 1.394 is the largest v?lue of F that will 
satisfy all the inequalities in Table A2 and must be the lower 
bound for the frame and loading of figure 9. The value of 
1.394 is~ therefore~ the lower bound as found by the modified 
method of inequalities and also the upper bound as found by 
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A 1 2 F 
D(1) ----,~~ 30 ft. 
FIG. 11. Two-story-one-bay franc. 
Given: Frame and loadin8 as shown in figure 11. Use AISC 
load factors. 
Assuoe: Columns are 21 WF 55's and beams are 18 \··,'F 45's for-
initial trial. The value of ~12 will be the s~aller 
of the plastic moment capacities of column BC or beam 
CD. M10 must always be programmed as the plastic 
moment capacity of column DE. A dummy load of .1 K 
will be placed on beam BE. This du;n.-:1y load is used 
to prevent the computer from trying to divide by zero. 
The allowable plastic moment for a 16 WF 45 is: 
89.6 X 36 = 268.8 K-ft. 
12 
and for a 21 WF 55 is: 
125.4 X 36 = 376.2 K-ft. 
12 
)2 
The computer output for the initial frame is shewn on 
page 53. Mechanism 13, with a safety factor of 1.216, was 
found to be the failure mechanism. Since mecha~ism 13 is 
a comb~ned panel mechanism, it requires a safety factor of 
1.4. An adequate frame could be found in the next trial by 
simply multiplying all members by 1.40/1.216. A close exam-
ination of the safety factors on page 53 indicate that this 
procedure might not be the most economical. The safet~T fac-
tors are all within a small range of values and are, for the 
most part, larger than required. If only certain members are 
increased; all the safety factors for the second trial will 
be at least as large as the safety factors for the first trial. 
For the second trial the beams are increased to 21 WF 55's. 
The output for trial number 2 is given on page 51;. 
'I'he frame fails in the same mode as trial one, but \':i th a 
safety factor of 1.520. Since beam mechanis~s 1-6 are all 
larger than 1.85, the second AISC load factor requirenent is 
also satisfied. 
To perform a lower bound check, the mode of collapse 
for rnebhanism 13 must be obtained from Appendix C. Figure 
12 is the failure mechanism number 13 for a two story-one 
bay frame. The frame in figure 12 has 6 plastic hinges and 
6 non-olastic critical moments. The 6 non-plastic critical 
.. 
moments should be eliminated, if possible, by the 6 equil-
ibrium equations. A solution can be found in one step if 
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FIG. 12. Collapse mode for figure 11. 
The six equations of equilibrium are: 
-M26 + (4/3)M10 - (l/3)M2 g = [R7 CD 1 /4) + R8 (D1/6)]F (1) 
-M26 + 2M11 - M29 = [R7 (D1/4) + R8 (D1/2)]F •••••.•...• (2) 
~M23 + M26- M29 + 0024 = [Rl4D4]F •.•.•.••..••..••.... (3) 
-Ml + Ml6 - rv;l7 + M2 = [(Rl3 + Rl4)D3]F . •. • •.. """ .. "" ( 4 ) 
1" • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 
-Ml6 + 1~!19 + ¥123 = 0 (5) 
• • • • • • • • • •• c: • • • • • • • • • • • • • • • • • • • • • ( 6) 
These equations must be solved for the non-plastic mo-
ments M11 , M16 , M17 , M23
, M24 and M26 in terms of the six 
plastic moments, if an inequalities solution is to be found 
in one step. Unfortunately, this is not possible for this 
set of equations. The equations are solved in ter~s of 5 
plastic moments and the non-plastic moment M17 . 
, 
M11 = (2/3)M10 + (l/3)M29 + lOOF •••••.•••..•••..•••..•• (7) 
Ml6 = M1 - M2 + M17 + 900F •••.•.••••••••••••.•.•.••.••• (8) 
M.20 = -Ml + r-1 2 + ( 4/3) f·110 + Ml9 - (LJ/3)f129 - 1650F ( 9 ) . . . . . 
M23 = r;rl !':I 2 + Ml7 - IVll9 + 900F . . . . . . . . . . . . . . . . . . . . . . . (10) 
fvi2 4 = fill M2 (4/3)r-Tlo + ~1117 - f'II 19 + ( 4/3 )r'l29 + 1650F (11) 
r12 6 = ( 4 I 3) r~r 1 0 - (l/3)f·129 - 250F . . . . . . . . . . . . . . . . . . . . . . . (12) 
The twenty-four inequalities for the twelve critical 
moments are given in Table A3. Table A3 has 8 rows that con-
tain the non-plastic moment M17 . The 8 rows are collected 
together in Table A4(a). The 16 inequalities that are pro-
duced by the elimination of M17 are given in Table A4(b). 
After the elimination of M17 the inequalities are represented 
by the 16 rows in Table A4(b) and the 16 rows in Table A3 
that did not contain M17 • Of the 32 inequalities only 8 have 
negative coefficients on the load terms. Therefore, only 
eight inequalities need to be considered in finding the crit-
ical value of F. If the moments i.n row 15 have the maximum 
values shown in equation 13, F will have a maximum value of 
1.520. 
-(-376.2) + (376.2) + (4/3)(37C.2) + (376.2) - (4/3)(376.2) 
37"b:2- -37o-:2 31 b.2- ?:TD.2- 3 ~r o • 2 
-l650P 0 .............................................. (13) 
376.2 -
This value of F actinc simultaneously with the moments in 
row 13 will satisfy all 32 inequalities. Therefore, 1.520 




Row !:h M2 !!lo No. M Mp IVl p p 
M17 !'il9 ~9 Loaci Term 
Mp Mp fv! ·p 
1 +1 +1 
2 
-1 +1 
3 +1 +1 
lt 
-1 +1 





7 +2/3 +1/3 lOOF + 1 
I<p 
8 
-2/3 -1/3 -lOOP + 1 
r~ln 
9 +1 -1 +1 900F + 1 
r·Ip 
10 





12 -1 +1 
13 +1 +1 
14 -1 +1 
15 -1 +1 +4/3 +1 -4/3 -1650F + 1 
f::p 
16 +1 -1 -4/3 -1 +ll/3 1650P + 1 
f·~P-
17 +1 -1 
18 
-1 +1 
19 +1 -1 -4/3 
+1 -1 900? + 1 j 
I<p- ! 
! 
-1 +1 -900P + l I ---r~lrJ 
11 +1 -1 +4/3 1650F + 
Hp 
20 
-1 +1 +4/3 -1 +1 -4/3 -1650F + 1 
f·1p 
21 +4/3 -1/3 -250F + 1 
r•Ip 
22 -4/3 +1/3 250F + 1 
r-Ip-
23 +1 +1 




Row rv;1 ~ Ebo r~117 f'.T19 !'!29 Load rrcrr.1 No. 1\ip M fliP I"lp Mp fvip p 
·--





-900F + 1 
r~~p 
3 +1 +1 
4 
-1 +1 
5 +1 -1 +1 -1 900F + 1 
I-~p 
6 
-1 +1 -1 +1 
-900P + 1 
7 +1 -1 -ll/3 +1 -1 
r-~P 
+4/3 1650F + 1 
J::p 
8 
-1 +1 +4/3 -1 +1 -ll/3 
-l650F + 1 
r:Ip 
-
TABLE All (a) 
1 +2 I 
2 +1 




4 +11/3 +1 _L!/3 
-750F + 2 
5 -1 +1 
f.~p 
-900F + 2 
r~p 
6 +2 
7 -1 +1 +1 
-900F + 2 
8 
-1 +1 +4/3 +1 -4/3 
Mp 
-1650F + 2 
~--
-hi) 
9 -1 +2 
10 +1 -1 -1 900F + 2 
IfJp 
"11 +2 
12 +4/3 -4/3 
-750F + 2 
13 -4/3 -1 +4/3 
'l'l.""" 
.~.·'!P 
750F + 2 
14 +1 -1 -4/3 -1 +4/3 
Np 
1650F + 2 
15 -4/3 +4/3 
I·1p 
750F + 2 
f/ip 
16 +2 
TABLE All (b) 
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FIG. 13. Two-story-two-bay frame. 
Given: Frame and loading as shown in figure 13. Use AISC 
load factors. 
Assume: All beams and columns are 16 W~ 36's for initial 
trial. The values of M12 and ~13 will be the s~aller 
or the plastic moment capacities of column BC or beam 
CD and the smaller of the plastic moment capacities 
of column GH or b~Pm DG, respectively . 
. 
The allowable plastic moment for a 16 WF 36 is: 
63.9 X 36 = 191.7 K-ft. 
12 
The computer output for the initial frame is shown on 
pages 61~-66. Mechanism 91, with a safety factor of 1.111 
was found to be the failure mechanism. This safety factor 
is smaller than required for a sway mechanism and a second 
trial must be made. If all members are kept the same size 
an adequate frame can be found in the next step. For the 
second trial the required plastic modulus would be: 
1.40 X 63.9 = 80.6 K-ft. 
1.11 
6o 
A 16 HF 45 with a plastic modulus of 82.0 will be used for 
the second trial. 
The output for the second trial is given on pages 67-69 
Mechanism 91, with a safety factor.of 1.426, is the critical 
I 
failure mechanism for the second trial. Since the safety 
factor is larger than 1.4 the AISC load factor requirement 
for a s~ay mechanism is satisfied. Beam mechanisms 1-12 are 
all larger tl1an 1.85 and the second AISC load factor re-
quirement is also satisfied. 
'The mode of collapse for mechanisn 91 must be obtained 
from AppendJx C before a lovTer bound check can be performed. 
Figure 11~ gives mechanism 91 when only the lo2ds of figure 
13 are applied. Figure 14 has 11 plastic hinges and 13 non-
plastic critical moments. There are 12 equations of equilib-
rium that will eliminate a maximum of 12 non-plastic momenLs 
from the first Table. At least one moment must, therefore, 
be eliminated by the process of eliminatjon before a solution 
can be found. The twelve equations of equilibrium are: 
-r126 + c 4/3) r.-; 1 0 - C 1/3 H127 = [R7 (D1/4) + R9(D 9/12)]F . . . (1) 
-r-:2 6 + 4 ~JI12 - 3r,1 2 7 == [R7 (D1 /4) + R9 (3D1/4)]F . . . . . . . . . . . ( 2 ) 
-1"128 + (4/3)El3 - ( 1/3) I'-13 0 = [RlO(D2/4) + R11CD 2/6)]F • • ( 3) 
-~1 28 + 2r114 - r-130 = [Rlo(D2/4) + R11 (D 2/2)]F . . . . . . . . . . . ( 4) 
-Jill9 + (4/3)~4 - (1/3)1\'120 = [R1 (D1/4)]F . . . . . . . . . . . . . . . . ( 5) 
-M21 + 2r-:r 8 - f.'I22 = [R 5 (D 2/2)]F . . . . . . . . . . . . . . . . . . . . . . . . . ( 6 ) 
61 
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FIG. 14. Collapse mode for figure 13. 
-M23- M24 + M25 + M26 + M29- M30 = [Rl4D4]F •••...... (7) 
-Hl- r-12 + M3 + ;.~16 + t>Tl7- tJI18 = [(Rl3 + Rl4)D3]::.' •... (8) 
- M 16 + :t-11 9 + l\T 2 3 = 0 • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • ( 9 ) 
- r 12 0 - r-1 1 7 + r1 2 1 . + M 2 4 = o • • • • • • • • • • • • • • • • • • • • • • • • • • • • c 1 o ) 
-r·~2 2 + rillS ri1 2 5 = o • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • c 11 ) 
-r/27 + r-128 M 2 9 -· 0 • • • • • • • • • • • • • • • • • • . • • • • • • • • • • • • • • '" ( 1 2 ) 
The t•,;elve equilibriu~:1 equations can only be solved for 
11 of the 13 non-plastic critical monents. Equations 1-12 
were solved in terms of 10 plastic moments and the non-plastic 
moments M2 4 and M2s• 
M26 = ( 4/3 )r![lO ( 1/3 )rti27 - 275F . . . . . . . . . . . . . . . . . . . . . . (13) 
Ml2 = (l/3)N10 + ( 2/3 )r.'l27 + lOOP . . . . . . . . . . . . . . . . . . . . . . (14) 
N28 = (4/3)fiil3 ( 1/3 )r•i30 275F (15) . . . . . . . . . . . . . . . . . . . . . . 
f-114 = ( 2/3) i•113 + (l/3)N30 + 50F . . . . . . . . . . . . . . . . . . . . . . . (16) 
62 
I•119 = (4/3)f!l -4 (l/3)M20 - 187.5F •••••.••••.•••••..•. (17) 
r-121 = 2f·.1 - f1 
·s 22 - 450F • • .. • •. • .. •. • • .......... • ...... (18) 
l\'I23 = ( 4/3 )f'l10 + 
(4/3)H30 - 1050F • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • (19) 
M3 = M1 + M2 (4/3)M4 - 2MS - (4/3)M10 - (4/3)M13 + 
(4/3)M 20 + 2M22 + M25 + (4/3)M27 + (4/3)M30 + 
2587.5F ..................... •· ................... (20) 
! 
i 
Ml6 = !( 4/3 )M 11 + (4/3)f'/1 10 + (4/3)M13 - ( 1/3) Jv12 0 -
M24 + M - (4/3H~ - (4/3)M 30 - 1237.5F . . . . . . (21) 25 27 
Nl7 = 2r·,: 8 M - M22 + l\12 4 - 450F (22) 20 . . . . . . . . . . . . . . . . . . . 
f'l = I'v122 + f;J (23) 18 25 • • • • • • • • • • • • • • • • ! • • • • • • • • • • • • • • • • • • • • • 
M29 = < 413) r.; - fv~ - (l/3)IYI - 275F ( 2ll) 13 27 30 . . . . . . . . . . . . . . . 
The 48 inequalities ror the 24 moments are given in 
Table A5. Moments rv; 24 and M25 must be eliminated rrom the 
inequalities before a solution can be found. Table A5 has 8 
inequalities that contain M24 • These are collected in Table 
A6(a) and M24 is eliminated in Table A6(b). At this stage 
the inequalities are represented by 40 rows in Table A5 and 
16 rows in A6(b). Four of the rows in Table A5 and 8 of the 
rows in Table A6(b) contain the other non-plastic Moment 
Unrortunately, none of these rows can be eliminated at this 
point. The 12 inequalities are collected in Table A7(a) and 
M25 is eliminated in A7(b). The final set of inequalities 
is represented by 36 rows in Table A5, 8 rows in Table A6(b) 
and 36 rows in Table A7(b). Since none of the So inequali-
ties contain a non-plastic moment, a solution can now be 
found. 
63 
Twenty-two of the eighty inequalities have ne~ative 
coefficients on the load terms and should be examined first 
to find the critical safety factor. If the moments in row 
6 have the values shown in equation 25, F will have a maxi-
mum value of 1.426. 
-(-246.0) - (-246.0) + (4/3)(246.0) + 2(246.0) + (4/3)(246.0) 
~f"b:o- -246·:-o- 246. o 246. o 246. o -
• 
+(4/3)(246.0) - (4/3)(-246.0)- 2(-246.0) - (4/3)(-246.0) -
246.o 24E:o- 246.o 246.o 
(4/3)(-246.0) - 2587.5F + 1 > 0 . . . . . . . . . . . . . . . . . . . . . . . . . (25) 
246.0 246.0 -
An F of 1.426 acting simultaneously with the moments in row 
25 will satisfy all 80 of the final inequalities. Therefore, 
1.426 is the correct safety factor for the frame in figure 13. 
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TABLE A5 







5 +1 +1 -4/3 -2 -4/3 -4/3 
6 







11 I +1 





16 I -1 
M20 1\ft ~1 24 Ii25 ~~ :::22 
rv:D '" filp ~1 "li hp •. p lp 
~ 
. 
+4/3 +2 +4/3 
















2587.5F + 1 
Mp 








100F + 1 
Mp 










TABLE A5 (Continued) 




A6 19 +4/3 +4/3 +4/3 -1/3 
A6 20 ,-4/3 -4/3 -4/3 +1/3 
A6 21 I +2. -1 -1 
I A6 22 I f -2 I +1 +1 I I I A7 23 I I +1 ! I 
A7 24 -1 
25 I +413 1 -1/3 
I 
26 -4/3 +1/3 
! 27 +1 ! I 28 
-1 ! I I 
29 I l +21 -1 j I 
I 
I . 30 -2 +1 
I 
I 
31 I ( I +1 I 
t I I -1 ~2 I 
!:1..24 !i2s M M')o 'M27 -...) rr fljp Mp ·lp .dp 
+1/3 
-1/3 
-1 +1 -4/3 -4/3 








50F + 1 
Mp 
-50F + 1 
Mp 
-1237.5F + 1 
l'itp 
1237.5F + 1 
Ji;p 
-45.0F + 1 
Mp 




-187.5F + 1 
rv:p 




-450F + 1 
IV!o 








































TABLE A5 (Continued) 
~ !hoi M13 ~oJ M22 ~4 ·~5~!:.12· 7 M3ol Load Term 
¥ M r~ 1M 1v w ~1 M M 1 lp !'.P ·p 1P I 1P l'!P ·p-- r P 1 1P 









+1 I -1 1+4/31+4/31 1050F + 1 
Mp 











-27-5F + 1 





-1/3 I-275F + 1 
~ 
+1/3 I ·~75F + 1 
.!Vlp. 
-1 1-1/3 I-275F + 1 
fiiP 
+1 1+1/3 I 275F + 1 
MD 
+1 I ~ +1 




Row ~1 M2 ~4 !is ~0 ~13 ~0 No. I·ll !VIP fvl Mp TV' ·n p p l·.p llp 
1 +4/3 +4/3 +4/3 -1/3 
' 2 -4/3 -4/3 -4/3 +1/3 
3 +2 , -..L 
4 ~2 +1 
5 +4/3 +4/3 





~ .. ------ ---
!222 lli4 t12s ri27 ~1p .!V1 !VIP Mp "p 
-1 +1 -4/3 




















-1237.5F + 1· 
.Mp 
.1237.5F + 1 
-- r~p .. 
-450F + 1 
rfJo 
..... · .. 
450F + 1 
.Mp . 
-1050F + 1 
, Mp 









I Row M !i2 r14 ~ ~0 f\113 !i2o ~2 VI No, lp r.,i Mp fv1 Mp I~p M l'Ji ~··u p p p . 
l 
7A 2 
-4/3 -2 -4/3 -4/3 +4/3 +l 
3 -4/3 +1/3 
7A 4 -4/3 -4/3 -4/3 +1/3 
7A 5 +4/3 +2 . +4/3 +4/3 -4/3 -1 
6 
• 7A 7 +2 +4/3 +4/3 -1 -1 
' . 
8 +2 .. I -1 ~1 ', •. 
.. 
9 +4/3 .. l-1/3 
. 7A 10 -2 -4/3 -4;31 +l +1 
11 
7A 12 l -4/3 -4/3 




-2 +1 +1 
7A 15 +4/3 +4/3 
16 ! 
~4 £125 ~7 M30 
IYlD Ivlp Mp IvT 
·p ~ 
-1 +4/3 +4/3 
" 








I -1 +4/3 +4/3 
.. 









1687.5F + 2 
IYlp 
187.5F + 2 
f.1p 
1237.5F + 2 
Mp . 
-1687.5F + 2 
. Mp 
+2 
' ... , 
-1500F + 2 
r~o 
-450F + 2· 
Mp . 
-187.5F + 2 
Np 
1500F + 2 
rqp 
+2 
1050F + 2 
. Mp 
-1237.5F + 2 
Mp 
450F + 2 
rr;p 








Row M1 H . ~4 ria ' !:ll 0 ~3 ~1 20 M22 ~ No. MP Mp Mp Mp N Ivl Mp rt1p p 'p 
1 +1 
2 
3 +4/3 +2 +4/3 +4/3 -4/3 -1 
4 +2 +4/3 +4/3 -1 -1 
v 







9 -4/3 -2 -4/3 -4/3 +4/3 +1 
10 
-4/3 I. -4/3 -4/3 +1/3 
11 I --2 -4/3 -4/3 +1 +1 
12 
-4/3 -4/3 l 
•: 
·- -- . 
!i2s ~7 M30 













-1 +4/3 +4/3 
-1 +4/3 +4/3 
-1 +4/3 +4/3 






-1687~5F + 2! 
~ Hp 
-1500F + 2 
~1p ' 
-12.37. 5F + 2 
- Mp 





1687~5F + 2 
. Mp .. 
1237:5F + 21 
·. I~'ip 
1500F. +·2 
. ~. Mp 





Row ~ ft [14 !is M1o f•113 M2o ~ No. 




3 -4/3 -2 -4/3 -4/3 +4/3 
4 
-4/3 -4/3 -4/3 +1/3 
I 5 






9 -4/3 -2 -4/3 -4/3 +4/3 
10 
-4/3 -4/3 -4/3 +1/3 
11 
-2 -4/3 -4/3 +1 
I I 12 -4/3 -4/3 
. I 
13 1+4/3 +2 +4/3 +4/3 -4/3 




t122 fv}25 M ~1 30 r27 Np l\Jj ff:p 'j 
""P p 
+1 
+2 +4/3 +4/3 
+1 +4/3 +4/3 
+2 +4/3 +4/3 
+1 . +4/3 +4/3 
-1 
+1 +4/3 +4/3 
+4/3 +4/3 
+1 +4/3 +4/3 
+4/3 +4/3 
-2 -4/3 -4/3 






. r~p . 
1237.5F + 3 
f·f:p 
1500P + 3 
j·:Ip 




1687.5F + 3 
Mp 
1237.5F + 3 
[•ln 
.... 
1500F + 3 
fiJp 
1050F + 3 
Mp 
-1687.5F + 3 
r1n 
-1687.5F + 3 
fi:p 
+4 




TABLE A7(b) (Continued) 
Row ~l ~2 M Mg M10 ri13 :~20 ~2 Ii25 ~7 rt.3 0 Load Term Ivi 4 No. IVI M I~ M r~r !"" iVI M M M . p p p p p p p p p p p 
17 +4/3 -l/3 -187.5F + 4 
I~p 
18 +4/3 +2 -4/3 -1 -63f. 5F + 4 
v:n l ~~ 
19 +2 +4/3 +4/3 -1 -2 -4/3 -4/3 -1500F + 3 
ifJp 
20 +2 +4/3 + 1~/3 -1 -1 -4/3 -4/3 -l500F + 3 
i\1p 
• l 
21 -4/3 +1/3 187.5F + 4 
Mp 




-1 -1 -450F + 4 
25 +4/3 +4/3 +4/3 -1/3 
Iv'Jp 
-1 -4/3 -4/3 -1237.5F + 3 
filp I 
i 26 +4/3 +4/3 +4/3 -1/3 -4/3 -4/3 -1237.5F + 3 
I 
I Mp I 27 -2 +l +1 450F + 4 I 
Mp 
28 +4 
29 +4/3 -2 +2/3 +1 262.5F + 4 
Mp 
30 +4/3 -1/3 -187.5F + 4 
Ivlp 
31 +4/3 +4/3 -1 -4/3 -4/3 -1050F + 3 
ff;p 
32 +4/3 +4/3 -4/3 -4/3 -1050F + 3 
-.J 
i )\]D -.J 
• ~ :r 
"'"' ::-:2~ f 
TABLE A7(b) (Continued) 
Row ~1 ~2 ~ !is !11o lVI, 3 Ii2o M22 ~~25 r~ !130 \I!J.. p[27 No. M IV! M Mp Mp Lp Mp f-'1 !VJP M. p p p p p p 
33 -4/3 -2 +4/3 +1 
34 -4/3 +1/3 
35 -2 +l +1 
36 
-- ----~ ~----------L-..~~----- -~------- ---~--~- ~~ .-~ 
Load Term 
637.5F + 4 
Mp 
187.5F + 4 
. Jvlp 









COMPUTER PROGRAM OUTLINE 
Row Number Operation 
5 Read input data. 
6-8 Print input data. 
9-11 Calculation of load factors for bottom left beam. 





















Calculation of moment factors for bottom left 
beam. 
Calculation of load factors for top left beam. 
Calculation of panel load factors. 
"If Statement" for frame size determination. 
Calculation of moment factors for bottom right 
beam. 
Calculation of load factors for bottom right 
beam. 
"If Statement" for frame size determination. 
Calculation of moment factor for top left beam. 
" " " " '·' " 
right beam. 
n 
" " " " " left beam. 
" " " " " bottom right beam. 
.Calculation of load factor for top risht bea~. 
Calculation of F(l)-F(l3) for a 2 X 2. 
Calculation of panel moment factor. 
Calculation of F(l4) for a 2 X 2. 
Calculation of panel moment factor. 
Calculation of F(l5)-F(21) for a 2 X 2. 
Calculation of panel moment factor 
Calculation of F(22)-F(24) for a 2 X 2. 
79b 
Row Number Operation 
76 Calculation of panel moment factor. 
77-79 Calculation of F(25)-F(27) for a 2 X 2. 
80 Calculation of panel moment factor. 
81-86 D¢ loops for F(28)-F(36) for a 2 X 2. 
87-92 " " " F(37)-F(45) " " " 
93-98 " " " F(46)-F(54) " " " 
99-104 " " " F(55)-F(63) " " " 
105-110 " " " F(64)-F(72) " " " 
111-116 " " " F(73)-F(81) " " " 
117-123 " " " F(82)-F(l62) " " " 
124-130 " " " F(l63)-F(l89) " " " 
131-137 " " " F(l90)-F(216) " " " 
138-144 " " " F(217)-F(243) " " II 
145-151 II " " F(244)-F(270) " " " 
152-159 Calculation of F(271)-F(276) .for a 2 X 2. 
160-166 D¢ loops .for F(277)-F(285) for a 2 X 2. 
167-174 Calculation of F(286)-F(291) .for a 2 X 2. 
175-181 D¢ loops for F(292)-F(300) for a 2 X 2. 
182-189 Calculation of F(301)-F(306) for a 2 X 2. 
190-196 D¢ loops .for F(307)-F(315) for a 2 X 2. 
197-202 " " " F(316)-F(324) " " " 
203-208 " " " F(325)-F(333) " " " 
209-214 " " " F(334)-F(342) " " " 
215-220 " " " F(343)-F(351) " 
II 
" 
221-227 " " " F(352)-F(378) " " " 


























D¢ loops :for F(406)-F(432) :for a 2 X 2. 
" 
fl 
" F(433)-F(459) " " " 
" " " F(460)-F(540) " " II 
Print F(l)-F(540) :for a 2 X 2. 
Selection of smallest safety :factor :for the 
2X2. 
Calculation of panel load :factor. 
Calculation of F(l)-F(7) :for a 1 X 1. 
Print F(l)-F(7) :for a 1 X 1. 
Selection of smallest safety :factor :for the 
1 X 1. 
Selection of smallest moment at the top right 
corner of a 2 X 1. 
79c 
Calculation of moment :factor :for top left beam. 
Calculation of F(l)-F(l5). for a 2 X 1. 
D¢ loops :for F(l6)-F(24) :for a 2 X 1. 
Calculation of F(25)-F(33) for a 2 X 1. 
D¢ loops :for F(34)-F(42) for a 2 X 1. 
Print F(l)-F(42) for a 2 X 1. 
Selection of smallest safety factor for the 
2 X 1. 
Calculation o:f F(l)-F(l3) :for a 1 X 2. 
D¢ loops :for F(l4)-F(22) :for a 1 X 2. 
Print F(l)-F(22) for a 1 X 2. 
Selection of smallest safety :factor :for the 
1 X 2. 
Formats for computer program. 
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This section contains the mode of collapse for all 
failure mechanisms that are evaluated by the computer pro-
gram. The location of all plastic hinges for each mecha-
nism i~ given. When a hinge forms at a corner the following 
tables/will give the location as being in the column. It 
I 
should be noted that when the beam has a smaller plastic 
section modulus the hinge will naturally form in the beam. 
1. One story-one bay structure. 
--~--~.~3~ 





Mech. 'l,ype of Location of Plastic Hinges 
No. Failure 
1 Panel 1, 2, 16, 17 
2 Beam· 16, 4, 17 
1---
3 Beam 16, 5, 17 
--
Ll Beam 16, 6, 17 
-- -
5 c. P. 1, 4, 17, 2 
6 c. p •. 1, 5, 17, 2 
7 c. P. 1, 6, 17, 2 
90 
2. One story-two bay structure 
1 2 3 4 5 6 
- - - - - -
ll ' ~ 
" 20 21 16 4 5 6 17 7 8 9 18 
1 2 3 ,.., :.... D(l) .. ~ D(2) .... '-
- . .. 
Mech. Type of' Location of Plastic Hinges 
No. Failure for Elementary Mechanisms 
1 Beam 16, 4, 20 
---------
2 
" " 5, II 
3 " " 6, " 
. 
li 
" 21, 7, 18 
5 " " 8, " 
6 
" " 9, II 
7 Panel 1, 2, 3, 16, 17,18 
Mode of Collapse for Set Two 
91 
f.'Iech. Type of Location of Plastic Hinges 
No. Failure for Set Two 
8 c. P. 1~ 2, 3, 4 J 17~ 18, 20 
9 n It n .n 5, " " " 
10 
" " " " 6. 11 " " 
; . 
• 
Mode of Collapse· for Set Three 
rJiech. Type· of Location of Plastic Hinges 
No. Failure for Set Three 
11 c •. p. •1 ~ ,2 J 3, 16~ 20~- 7., 18 
... 
12 " " " " " " .8, " 
.• 




·II 9, " I 
' 
.. -~ 
Mode of Collapse for Set Four 
92 
I'v1ech. Type of Location of Plastic Hinges 
No. Failure for Set Four 
14 c. P. .1, 2, 3, 4, 20, 7, 18 
15 " " " " " " 8, " 
16 
" " " " " " 9, " 
17 
" " " " .5, " 7, " 
-. 
18 
" " " " 
It 
" 8, " 
19 
" " " " " " 9, " 
' 20 




" " " 8, " 
22 
" " " " " " 9, " 





















26 10 11 
1 2 
- -
23 19 1 















~ D(l) ~ 
Type of Location of Pla,stic.Hinges 
Failure for Set One 
Beam 19, 4, 20 
.. 
" " 5, " 
" " 6, " 
" 26, 10, 29 
" " 11, " 
" " 12, " 
.. 
Top Panel 23, 24, 26, 29 
Bottom·Pane1 1, 2, 16, 17 
Total Panel 1, 2 , 19, 20,26,29 
93 
94 
Mode of Collapse for Set Two 
Iv1ech. Type of Location of Plastic Hinges No. Failure for Set Two 
10 c. P. l, 2, 26, 29, 20, -4 
11 
" " " " " " 5 
12 " " " " " " 6 
Mode of Collapse for Set Three 
.-" 
Mech. Type of Location of Plastic Hinges 
No. Failure 
0 
for Set Three 
13 c. P. 1, .2, 19, 20, 29, 10 
14 
" " " " " 
"tl ll 
15 " " " " " " 12 
95 
Mode of Collapse for Set Four 
Hech. Type of' Location of' Plastic Hine;es 
No. Failure f'or Set Four 
16 c. P. 1, 2, 20, 29, 4' 10 
f--





" " " " " " 
12 
19 " " " " " 5, 10 
20 " " " " " " 11 
21 
" " " " " " 
12 
22 
" " " " " 
6, 10 
·-- f---· 
23 " " " " " " 11 




Mode of Collapse for Set Five 
Mech. Type o:f Location of Plastic Hinges No. Failure for Set Five 
25 Bottom 
c. J> 1, 2, 23, 17, 20, 4 
26 
" " " " " " 5 
27 
" " " " " " 6 
Mode of Collapse for Set Six 
IVIech. Type o:f Location of' Plastic Hinges 
No. Failure !'or Set Six 
--
28 Top-C. P. 23, 24, 29, 10 
29 
" " " " 
11 
30 " " " " 12 
97 
Mode of Collapse for Set Seven 
f1ech. Type of ·Location of Plastic Hinges 
No. Failure for Set Seven 
31 c. P. l6J 26, 29, 24, 20, 4 
32 II " " " " " 5 
-
33 " " " " " " 6 
-
Mode of Collapse for Set Eight 
98 
fJiech. Type o:f Location o:f Plastic Hinges 
No. Failure :for Set Eight 
34 Top-C. P. 16, 24, 20, 29, 4, 10 
35 " ' " " " " " 11 
36 " " " " " " 12 




" " 11 
39 ' " n· " " " " 12 
40 
" " " " " 6, 10 
41 
" " " " " " 
11 
42 
" " " " " " 
12 
4. Two story-two bay structure 
' ]_ Jt 9 10 11 12 
- - -
14 ~ ,~r 2 7 28 ~ 






.! ~ 3 4 5 6 
- 24 - - -• 
23 19 1 1 20 21 1 22 25 








1 2 3 
-'-
-'- -L....-'-
Mech. Type of Location of Plastic Hinges 
No. Failure for Set One 
1 Beam 19, 20, 4 
2 
" " " 5 




" 21, 22, 7 
5 " " " 8 
-· 
6 
" " " 9 
7 " 26, 27, 10 
8 
" " " 
11 
9 " " " 12 
-
10 
" 28, 30, 13 
11 




" " " 15 
100 
13 Top Panel 23, 26, 24, 29, 25, 30 
14 Bottom Panel 1, 2, 3, ,16' 17, 18 




Mode of Collaps~ for Set Two 
!v'Iech. Type of' Location of' Plastic Hine;es 
No. Failure f'or Set Tvlo 
-
16 c. P. 1 . 2 
. '. ' 
3, 21, 22, 26, 29, 30, 20, 4 
17 " " " " " " " 
t1 
" " 5 
18 " " " " " " " " " " 6 
r------r---,.t 
Mode of Collapse for Set Three 
101 
Mech. Type of' Location of' Plastic Hinges No. Failure f'or Set Three 
19 c. P. 1, 2, 3, 26, 29, 30, 19, 20, 22, 7 
20 
" " " " " " " " " " 8 
21 
" " " " " " " " " " 9 
~od~ of Collapse'.for Set Fpur 
-
---------Hech. Type of' Location of' Plastic Hinges 
No. Failure f'or Set Four 
-
22 c. P. . 1, 2. 3, 19; 20) 21, 22, 29, 30, 27, 10 
.• 
23 " " " " " " " " " " ; " 11 
-
24 " " n. 
·n 






Mode of Collapse for Set Five 
102 
Mech. Type of Location of Plastic Hinges 
No. Failure for Set Five 
25 c. P. 1, 2, 3, 19, 20, 21, 22, 26, 27, 30, 13 
26 













" " " 15 
Mode of Collapse for Set Six 
Hech. Type of Location of P1c.stic Hinges 
No. Failure for Set Six 
-
28 c. P. 1, 2, 3, 26, 29, 30, 20, 22, 4, 7 
29 " " 
11 












31 " " 
11 
" " " " 
11 
" 5 7 
32 " " " " " " " " " " 8 
33 " " " " 
11 
" " " '' 
11 9 
34 " " " " " " " " " 6 7 





36 " " " " " " " " " " 9 
103 
• 
Mode of Collapse for Set Seven 
Mech. Type of Location of Plastic Hinges 
No. Failure for Set Seven 
37 c. P. 1. 2, 3, 26 , 27, 21, 22, 20, 30, lj , 13 
38 " " " " " " " " " " " 14 
39 " " " " " " " " " " II 15 
40 
" " " " " " " " " " 5, 13 
41 






" " " " ·" " " " " " 15 ... 
--
43 " " " " " " " " " " 6, 13 
·-
44 
" " " " " " 
" .. 




45 " " " " " " " " " 
·n 
" 15 
Mode ~f Collapse for Set Eight 
104 
r<Tech. Type of' Location of' Plastic Hinges No. Failure f'or ·Set Eight 
46 c. P. 1, 2, 3, 21, 22, 30, 29, 27, 20, 4,, 10 
47 " " " " " " " " " " " 11 
48 
" " " " " " " " " " " 12 
49 
" " " " " " " " " " 5, 10 
50 " " " " " " " " " " " 11 
51 " " " " " " " " " " " 12 
52 " " " " " " " " " " 6, 10 
53 " " f1 fl: " " " " " " " 11 
54 
" " " " " " " " " 
11 
" 12 
Hode of Collapse· for Set· Nine 
---l'·1ech. Type of' Location of Plastic Hinges 
No. Failure ·for Set .Nine 
55 c. P. 1, 2, 3·, 19, 20, 26, 27, 22, 30, 7, 13 
56 
" " " " " " " " " " 
f1 ' 14 
57 " " " " 
,, 
" " " " " " 15 
58 
" " " " " " " " " " 
8, 13 
59 " " " " " " " " " " " 14 
6o 




61 c. P. 1, 2, 3, 19, 20, 26, 27, 22, 30, 9, 13 
62 
" " " " " " " " " " " 14 
63 " II " " " " " " " II " 15 
Mode of Collapse for Set Teri 
Nech. Type of' Location of' Plastic Hinges 
No. Failure f'or Set Ten 
64 c. p •. 1, 2, 3, 19, 20, 29, 30, 27, 22, 7, 10 
65 
" " " " " " " " " " " 
11 
66 ' 
" " " " " " 
n· 




" " " " " " " " 8, 10 
68 





" " " " " " " 
12 
70 




" " " 9, 10 
·71 
" " " " " " " " " " 
II 11 
72 
" " " " " " " " " " " 
12 
lOb 
Mode of Collapse for Set Eleven 
IVIech. 'l,ype of' Location or.Plastic·H~nges 
No. Failure for Set Eleven 
·' 
"13 c. ·p,. 
' 




74 " " ·n " " " II " " " " 11 
75 II " " " " " II II II " II 12 -
76 II· II· " II· II " II II II " 14, 10 
77 " " II " " " " " II " II 11 






" " 12 
. 
79 .fl II " " : ")r " " " " " 15, 10 
80 It 
" " " " " " " 
It 
" " 11 
·-
81 
" " " " " " " " " "" " 
12 
,: 
Mode of Collapse for Set Twelve 
Mech. Type of' Location of' Plastic Hinges No. Failure f'or Set Twelve 
82 c. P. 1, 2, 3, 20, 22, 27, 30, 4, 7, 13, 10 
-
83 li 





" " " " " " " " " " " 12 
85 
" " " " " " " " " " 14, 10 
.86 
" " " " " " " " " " " 11 
87 
" " " " " " " " " " " 12 
88 




" " " " " " " " " " 11 
90 " " " " " " " " " " " 12 
91 " " " " " " " " " 8, 13, 10 
92 
" " " " " " " " " " " 11 




" " " " " " " 14, 10 
95 " " " " " " " " " " " 11 
--
96 
" " " " " " " " " " " 12 
97 . " . 
" " " " " " " " " 15, 10 
98 " " " " " " " " " " " 11 




" " " " " " 
11 
" " 9, 13, 10 
101 " " " " " " " " " " " 11 
102 
" " " " " " " " " " " 12 
103 " " " " " " " " " " 14, 10 
104 n 
" " " " " " " " " " 
11 
105 " " " " " " " " " " " 12 
108 
-
106 c. P. 
'. 
1, -2, 3, 20, 22, 27, 30, 4, 9, 15, 10 
107 If 
" " " " " " " " " " 11 
108 
" " " " " " " " " " " 12 




" " " " " " " " " 
1J.. 
111 
" " " " " " " " " " " 12 
~ 112 If 
" " 
If 
" " " 
If 
" " 14, 10 




" " " " " " " " 12 ' 
115 " 11. " " " " " " " " 15, 10 
116 " " If " " " " " If " " 11 
117 If " " " " " If It " " " 12 




" " " 
II 8, 13, 10 
119 If " " II " It " " " " " 11 






" " " 14, 10 
" 
' n' n 






123 " " " 
U' 
" " " 
It It 
" " 12 
124 " " It " " II " " " 
II 15, 10 
--
125 " " " " " " " " " 
II 
" 11 
126 " " " 
It 
" " " " " " " 
12 
127 " " " " " " 
It 
" " 9, 13, 10 
128 " " " " " " " " " " " 11 
--
129 " " " " " " " " " 
II It 12 
130 " " " " " " " " " 
II 14, 10 
131 " " 
II 
" " " " " " " " 
11 
132 " " " " 
If 
" " " " " " 
12 
109 
133 c. P. 1, 2, 3, 20~ 22, 27, 20, 5, 9, 15 J 10 
134 
" " " " " " " " " " " 11 
135 " " " " " " " " " " " 12 
136 It 
" " " " " " " 6, 7, 13, 10 
137 " " " " " "· " " " " " 11 
138 
" " " " " " " " " " " 12 
139 " II· " " " " " " " " 14, 10 
140 
" " " " " " " " " " " 11 
141 
" " " " " " " " " " " 12 
142 
" " " " " " " " " " 15, 10 
143 
" " " " " 
n 
" " " " " 11 
144 
" " " " " " " " " " " 12 
1ll5 
" " " " " " " " " 8, 13, 10 
146 
" " " " " " " " " " " 11 
147 
" " " " " " " " " " " 12 
148 
" " " " " " " " " " 14, 10 
149 II 
" " " " " " " " " " 11 
150 " " " " " " " " " " " 12 
151 " It " " " " " " " " 15, 10 
·--
152 II " " " " " " " " " " 11 
153 " " " " " " " " " " " 12 
154 
" " " " " " " " " 9, 13, 10 
155 " " " " " " " " " " " 11 
156 " " " " " " " " " " " 12 
157 " " " ·n " " " " " " 14, 10 
158 " " " " " " " " " " " 11 
159 " " " " " " " " " " " 12 
110 
160 c. P. 1, 2, 3, 20, 22, 27, 30) 6, 9, 15, 10 
-
161 
" " " " " " " " 
,, 
" " 11 
162 " " " " " " " " " " " 12 
Mode of ~ollapse for Set Thirteen 
. 
r·:Le ch. Type of Location of Plastic Hinges 
No. Failure for Set Thirteen 
--
163 c. P. 1, 2, 3, 26, 27, 20, 22, 30, 4, 7, 13 
164 





" " " " " " " " 15 . 
166 
" " " " " " " " " " 8, 13 
167 " " " " " " " " " " " 14 0 
' 
168 
" " " " " ' " " " " " " 15 
169 " " " " " " " " " " 9, 13 
170 " " " " " " " " " " " 14 
171° 
" " " " " 
0 0 
" " " " " " 15 
172 - " •n " " " " " " " 5, 7, 13 
173 " " " " " " " " " " " 14 
174 " " " " " " " " " " " 15 
111 
175 c. P. 1, 2, 3, 26, 27, 20, 22, 30, 5, 8, 13 
176 " " " " " " " " " " " 14 
177 " " " " " " " " " II " 15 
178 " " " " " " " 11 " " 9 J 13 




" " " ! " " " " " " 
15 
181/ " " " " " " " " " 6, 7, 13 
; 
182 " " " " " " " " " " " 14 






" " " " 8, 13 






" " " " " " " " " " " 
1~ 
-
187 " " " " 
n· 
" " " " " 9' 13 




189 " " " " " " " " " " 
II 15 
Mode of Collapse for Set Fourteen 
112 
rr.ech. Type of' Location of Plastic Hinges 
No. Failure f'or Set Fourteen 
190 c. P. 1, 2, 3, 19, 20, 22, 30, 2~( J 7, 13, 10 
191 " " " " " " " " " " " 11 
.. 
192 
" " " " " " " " " " " 
12 
' 193 
" " " " " " " " " " 
14, 10 
194 
" " " " " " " " " " " 
11 
19s 




" " " " " " " " " 
,, 15, 10 
197 
" " " " " " " " " " " 
11 
198 
" " " " " " " " " " " 
12 
199 
" " " " " " " " " 
8, 13, lG 
200 
" " " " " " " " " " " 
11 
I 20l 
" " " " " " " " " " " 
12 I I 
202 
" " " " " " " " " " 
lll J 1~ 
203 
" " " " " " " " " " " 
11 
204 










" " " " " " " " " " " 1~ 
207 
" " " " 
.._n 




" " " " " " " " " 
9, 13, 10 
209 " " " " " " " " " " " 11 
210 
" " " " " " " " " " " 
12 
211 
" " " " " " " " " " 
14 10 
212 
" " " " " " " " " " " 
11 
213 





214 c. P. --1~ 2~ 3, 19, 20~ 22~ 30~ 27, 9, 15, 10 
215 " " " " " " " " " " " 11 
216 
" " " " " " " " " " " 12 
Mode of Collapse for Set Fifteen 
--
Mech. Type of' Location of' Plastic Hinges 
No. Failure f'or Set Fif'teen 
1---·--
21'( c. P. 1~ 2, 3, 21, 22, 20, 30, 27, 4' 13, 10 
218 " " " " " " " " " " " 11 
-
219 " " " " " " " " " " " 12 
220 
" " " " " " " " " 
II 14~ 10 
221 
" " " " " " " " " " " 
11 
222 
" " " " " " " " " " " 
12 
223 " " " " " " " " " " 15, 10 
224 " " " " " " " " " " " 11 
225 " " " " " " " " " " " 12 
226 " " " " " " " " " 5, 13, 10 
227 " " " " " " " " " " " 11 
228 
" " " " " " " " " " " 
12 
114 
229 c. P. 1, 2, 3, 21 . J 22, 20, 30, 27, 5, 1ll, 10 
230 " " " " " " " " " " " 11 
231 
" " " " " " " " " " 
·II 12 
232 " " " " " " " " " " 15, 10 
233 " " " " " " " " " " " 11 
• 234 n 
" " " " " " " " " " 12 
235 " " " " " " " " " 6, 13, 10 
236 
" " " " " " " " " " " 11 
237 " " " " " " " " " " " 12 
238 
" " " " " " " " " " 1ll, 10 
239 " " " " " " " " " " " 11 
240 
" " " " " " " " " " " 12 
241 
" " " " " " " " " " 15, 10 
242 " " " " " " " " " " " 11 
243 " " " " " " " " " " " 12 
Mode of Collapse for Set Sixteen 
115 
fvlech. Type o.f Location of Plastic Hinges No. Failure for Set Sixteen 
244 c. P. 1, 2, 3, 29, 30, 27, 20, 22, 4, 7, 10 
245 
" " " " " " " " " " " 11 
246 
" " " " " " " " " " " 12 
247 
" " " " " " " " " " 8, 10 
• 248 
" " " " " " " " " " " 11 
249 
" " " " " " " " " " " 12 
250 " " " " " " " " " " 9, 10 
251 " " " " " " " " " " " 11 
252 " " " " " " " " " " II 12 
253 " " " " " " " " " 5, 7, 10 
254 " " " " " " ... " " II II 11 
255 " " " " " " " " " " " 12 
256 " " " " " " " " " " 8, 10 
257 " " " " " " " " " " " 11 
258 " " " " " " " " " " " 12 
259 " " " 
,, ,, 
" " " " " 9, 10 
260 
" " " " " " " " " 
II 
" 11 
261 " " " " " " " " " " " 12 
262 




" " 6, 7, 10 
263 " " " " " " " " " " " 11 
264 
" " " " " " " " " " " 
12 
265 " " " " " " " " " " 8, 10 
266 " " " " " " " " " " " 11 
267 " " " " " " " " " " " 12 
116 
268 c. P. 1, 2, 3, 29, 30, 27, 20, 22, 6, 9, 10 
269 " n " " n " " " " " " 11 
270 " " " " " " " "" " " " 12 
• ·~----~~--~-·~4----------~ 
Mode of Collapse for -Set Seventeen· 
fviech. Type of Location of Plastic Hinges 
No. Failure for Set Seventeen 
2~{1 Bottom 1, 2, 3, 17, 18, 23, 20, 4 
1--------~-,.___L --272 " " " " " " " " 5 
273 " " " " " " " " 6 
Mode of Collapse for Set Eighteen · 
117 
Ivle ch; Type of Location of Plastic Hinges No. Failure for Set Eighteen 
274 Bottom l, 2, 3, 18, 20, 24, 22, 7._, 16 c. P. ' -
275 " " 
-
" " " " " " 8 " 
276 
" " " " " " " " 9 " 
• 
-
Mode of Coilapse for Set Nineteen 
Mech .• Type of Location of Plastic Hinges 
No. Failure for Set Nineteen 
277 Bottom 1, 2, 3, 23, 24, 18, 20, 22, 4, 7 
c. P. 
278 " " " " " " " " " " 8 
279 " " " ·ff " " " " " " 9 
280 " " " " " " " " " 5, 7 
281 " " " " " " " " " " 8 ~-
282 
" " " " " " " " " " 9 
283 " " " " " " " " " 6, 7 
284 " " " " " " " " " " 8 




Mode of Collapse for Set Twenty · 
Mech. Type of' Location of Plastic Hinges 
No. Failure for Set Twenty 
286 Top-C.P. 23,·2lt, 25, 29, 30, 27, 10 
287 " " " " " " " 11 
288 




Mode of Collapse for Set Twenty-One 
-
r.1e ch. Type of Location of Plastic Hinges 
No. Failure for Set Twenty-One ' 
289 Top-C.P. ~3, 24, 25, 26, 27, 30, 13 
290 " " n· " " " " 14 
291 " " " " " " " 15 
119 
r -· I •• 
4 . 
• 
Mode.of Collap~e for Set Twenty-Two 
Mech. Type of Location of' Plastic Hinges 
No. Failure f.' or Set Twenty-Two 
292 Top-C.,P. 23, 24 , :2 5, 27, 30, 13, 10 
293 " " " " " " " 11 
294 " " " " 11 " " 12 
' 
295 11 " " " ,II " 14, .10 
296 " " " " " ·" " 11 .. 
297 " " " " " " " 12 -
298 " " "· 
n 
" " 15, 10 
299 " " " " " " " 11 . -
300 " 
., 
·. " "· " 
. " . 






Mode of Collapse for Set Twenty-Three 
120 
Hech. Type of' Location of' Plastic Hinges No. Failure for Set ~wenty-Three 
301 Top-C.P. 16, 24, 25, 30, 29, 26, 20, 4 
302 
" " " " " " " " 5 
--· 
303 
" " " " " 
u 





Hode of Collapse· for Set. Tw_enty-Four 
Mech. Type of Location of' Plastic Hinges 
No. Failure for Set .:Tv-renty-.Four 
304 Top-C.P. 23, 25, 26, 29, 30, l 7, . 20, 22,.7 
--
305 "' "· " "- " " " ·u " 8 -. 
: 
" " " " " 




Mode of Collapse for Set Twenty-Five 
121 
t,iech. T,ype of Location of Plastic Hinges No. Failure for Set Twenty-Five 
1-· 
30'( 'rop-e. P. 16, 17, 26, 29, 30, 25, 20 , 22, 4, 
-· 308 
" " " " " " " " " " 
309 
" " " " " " " " " " 9 
310 " " " " " " " " • " 5, 7 
311 
" " " " " " " " " " 8 ~-------~-
312 
" " " " " " " " " " 9 
. t-· 
313 " " " " " " " " " 6, 7 
314 " " " " " " " " " 
,, 8 
~ 
315 " " " " " " " " " " 9 
I 
Mode of Collapse for Set Twenty-Six 
r----·--- r· 
- -· ---l\'le ch. Type of Location of' Plastic H:..nF;e s 
No. Failure for Set T·,.lenty-Six 
316 Top-C.P. 16, 21' t , 29, 25, 30, 20, 27, 4, 10 
317 " " " " " " " " " ll 
--· ---·-
318 " " " " " " " " " 12 
319 " " " " " " " " 5, 10 
320 " " " " " " " " " 11 
. 
-















" " " " " " " 12 
-""' 
• 




































for Set Twen 
-








" " " 









24, 25, 20, 30, 4, 13. 
" " " 




II II 15 
" 
II 
" " 5, 13 
" " " 







II r 0, 13 
-r------- -------------------·---------2 II II " II " II It II It 14 
- -------- ----
3 " " " II " " " " 
II 15 
Mode of Collapse for Set Twenty-Eight 
r--· 
fviech. Type of Location of Plastic 
No. Failure for Set Twenty-Eight 
·-
- -
334 Top-C.P. 23, 26, 27, 20, 17, 
!-------
-
335 " " " " " It 
'-------- - - .. 
336 " " " It It " 
~- --------
337 It " " " It 
,, 
~----- ... -----




















" 8' 13 
-------------"--~--~l 339 " " " " " " " " " It 15 
-
340 " " " " " " 
-n 
" " 9, 13 
--- -------
341 " " 
n It 
" " " " " " 
lLl 
~------ -··----------·------------------- -
342 " It " " " " " " " " ~--·~-- -~-----------~--- ---·--·---------·--------· ----------
-
-
41-r------~-"-.;;t---.&:>.--- . c ,... 
Mode of Collapse for Set Twenty-Nine 
124 
fvle ch. r.I.,ype of Locat:i.on of' Plastic Hinges 
No. Failure for Set Tv1enty-Nine 
34 3 rrop-C. P. 23, 20, 17, 25, 30, 29, 22, 27, 7, 10 
--




345 " 11 " " " " " " " " 12 
-
3lt 6 " " " " 11 " " " " 8, 10 
- ·-
347 " 11 " " " " 11 " " " ll 
~· --
348 " " " " " 
·n 
" " " " 12 
349 11 ,, 11 " " " " " 11 9, 10 
-- ------·--
350 " " " " n " " " " " ll 
-
351 "· " " " " " " " " " 12 '----·-----~-·· ---- -----
Mode of Collapse for Set Thirty 
~---- r----------..----------------···--------- -----. --------
Mech. Type of Location of Plastic Hinges 
No. Failure for Set Thirty 
352 Top-C.P. 23, 20, 17, 25, 30, 22, 27, 7, 13, 10 
353 " 11 
11 
" " " " " " " 
ll 
·-------
354 11 " " 11 " " " " " " 12 
355 " " " " " " " " " 14, 10 
r---·--·--
356 " " " " " " " " " " ll 
~-





358 r.I'op-C. P. 23, 20, 17, 25, 30, 22, 27 .t. 7 .t 15, 10 
359 " " " " " " " " " " 11 
360 " " " " " " " II " II 12 
361 n " " " " " " " 8, 13, 10 
362 " " 11 " " " " " " " 11 
-
363 " " " " " " " " II " 12 
----r-- -· 
364; 
" " " " " " 
II II 
" 14, 10 
365 " " " " " " II II II " 11 
--·-
366 " " " " " " 
II II 
" " 12 
-
367 " " II 11 II " " " " 15, 10 
.--~-· 
368 11 " " " " " " 
II II II 11 
-
369 " If " " 
H 
" 





370 II " tl tl " 
tl II II 9, 13, 10 
-
·-· 
371 " tl " 
II tl II 
" 
II II II 11 
-· 
372 " tl " 
II II II 
" 
II II II 12 
37 3 II If 11 II " II " " 
II 14, 10 
-374 r " II n II '11 II II II II II 
!------ ·----------·-
r-------·-r---------







376 1 " 




- I II II II II II II " tl II II 377 ~ 
378 " " " 







Mode of Collapse for Set Thirty-One 
-Mech. 'l,ype of' Location of''Plastic Hinges No. Failure for Set Thirty-One 
379 'l'op-C. P. 16, 2Li 25, 20, 30, 27, 11 13, 10 . , , 1----
380 




" " 11 
--
-
--· ----381 " " " " " " " " " 12 
--f-----
382 





383 " " " " " " II " II 11 1------
384 
" " " " " " " " " 12 
·-
385 " " " " " " " " 15, 10 ~---- ·--- -----~-
386 




387 " II " " " " " " II 1;? 
----·---·· ---- --- -·------- -----------~·-~------~---------~---------- --
388 
" " " " 
II II 
" 5, 13, 10 
f---
---· ------·------
389 " " " " " " " II II l1 
390 " " " " " " " " " 12 
391 " " " " " " " " 14, 10 
~- -
392 " " II " " " " 
,, It 11 
-
-
393 " " II " II " " " " 12 
12'( 
39L1 Top-C.P. 16, 211 , 25, 20, 30, 27, 5, 15, 10 
395 " " " " " " " " 11 11 
------
396 " " " " " " " " " 12 
397 " " " " " " " 6, 13, 10 
·----
398 " " " " 11 " " II 11 11 
399 " " " " II " 11 11 " 12 
4ooi 
" " " " " " " " 14, ! 10 
401 




" " 11 
----
402 " " " " " " II " II 12 
403 " " " " II " II " 15·, 10 












Mode of Collapse for Set Thirty-Two 
1?8 
~------..-------------.--------------------------------------------------
409 Top-C.P. 16, 17, 25, 26) 27, 20, 30, 4, 8, 13, 22 
1---------1---------------+----
410 II II II II II II II II II II 1lJ 
----------+---------------4------------------------------------------------------------'----~ " 








" " " " 
" 
413 " " " 14, 
~------~~--------------+--------------------------------------------·---------~---




" " " " " " " " " " 
" 4 1 51 " " " " " " " " 5 , 7 , 13 , ~----~-+-----------~------------------------------------------------------! 
" 416 " " " " " " " " " " 14, ~------- --------------~~--------------------------------·------------------------~------
" " " " " " " " " " " 
15 , 
~-------+----------------~---------------------------------------------------------------------
418 " " " " " " " " 8, 13, II 
~-------~---------------~---------------------------------------------------------
4 1 9 I ______ '_'------+--" _____ " ____ '_' ____ '_' ____ '_' _____ ,_, _____ " _____ " ____ ,_, ___ 1_4_, ____ ,_, _ 
~--~-~-~-L " - " _ " " " " " " " " 15 .!_ ____ :..._ 
4 21 I " " " II " " " " " 9 ,_ .. -=-~--~-- "_l --------~- ·---------- -------------------------------------
L122 " " " " " " " " " " " 
1----- -------~-~-+-------------------------------------------- -
423 " " " " " " " " " " 15, " ~-------~--------------4------------------------------------
" 6, 7, 13, 1---~---------1~--------'---------------·-" " " " " " " 
424 " 
425 " " .. " " " " " " " " 14, " 
~-------------- ------------ -------------------·---------------------·--
426 " " " " " " " " " " 1~, " 
i---------- . --------·-------- r---------------------------------------·------------ ---
" 427 
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